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Abstract

These notes accompany two lectures on the probabilistic point of view on solvable lattice
models and algebraic combinatorics. The goal is to present the Yang—Baxter equation as a
source of Markov operators that transport probability measures attached to vertex models, via
local Yang-Baxter moves. We derive the classical Robinson—-Schensted-Knuth correspondence
directly from the Yang—Baxter equation for a monochrome vertex model connected to the sym-
metric Schur polynomials, and discuss generalizations related to (spin) ¢-Whittaker and (spin)
Hall-Littlewood polynomials.
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Introduction

The Yang-Baxter equation is, on its face, an algebraic identity, which expresses that the partition
functions of two configurations differing by a local transformation are equal. When can such an
identity be upgraded into an algorithm, or into a random transformation? When both sides are
sums of nonnegative weights, > wt(a) = >, wt(b), we randomize the identity by introducing
a transformation — a Markov step — which turns a configuration on the left into a randomly
chosen configuration on the right. This randomization must be consistent with the weights, but
its choice need not be unique. Carried across the lattice, these random steps are interpreted as a
random growth process. We call this passage from an identity to a randomized transformation a
bijectivization or a probabilistic bijection. It is an application, in a solvable lattice setting, of the
general principle of coupling in probability theory [Lin02], [Tho00].

For the Yang-Baxter equation, the bijectivization was introduced in [BP19], after two waves
of randomized insertion algorithms generalizing the Robinson—Schensted—Knuth (RSK) correspon-
dence: the g-Whittaker randomized RSK of [OP13], [BP16], and [MP17], and the Hall-Littlewood
randomized RSK of [BP15], [BBW16], and [BM18]. The bijectivization can stay genuinely random,
or collapse to a deterministic one.

These notes are expository, written from the probabilistic vantage point; we assume basic
familiarity with RSK and Schur symmetric polynomials.
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Figure 1: A single vertex has an input (the incoming occupations (i1, j1) on the bottom and left
edges) and an output (the outgoing occupations (iz,j2) on the top and right). The Boltzmann
weight of the vertex w(iy, ji;i2,j2) is called stochastic when these weights are the conditional
probabilities of the output given the input.

This circle of ideas around probabilistic applications of the Yang—Baxter equation grew out of
three older subjects. From algebraic combinatorics it takes the Robinson—Schensted-Knuth (RSK)
correspondence [Sch61], [Knu73] and its growth-diagram form [Fom88] and the theory of symmetric
functions [Mac95]. From quantum integrable systems it takes the Yang-Baxter equation itself, the
six-vertex [Lie67] and higher-spin models, the quantum inverse scattering method and algebraic
Bethe ansatz of the Leningrad school [Fad96], and the quantum groups [Jim86] whose R-matrices
produce the vertex weights. In particular, the presentation of Schur polynomials as free-fermionic
lattice partition functions is classical [ZJ09]; its deformation (a Schur polynomial times a deformed



Weyl denominator) first appeared as a generating function over strict Gelfand—Tsetlin patterns
[Tok88], with classical-group analogues [HK05]. These identities were recast as solvable six-vertex
partition functions obeying the Yang—Baxter equation [BBF11], connecting the subject to p-adic
representation theory. Finally, from probability it takes its founding solvable models: Ulam’s
longest-increasing-subsequence problem and its Tracy—Widom asymptotic behavior due to Baik—
Deift—Johansson [BDJ99], Okounkov’s Schur measures [OkoOl], and exclusion processes [Spi70],
[Lig75], [Ros81].

The Yang—Baxter bijectivization serves as a dictionary between symmetric functions and in-
teracting particle systems. In the Schur case, the maximal part of the random partition, A1, is a
last-passage time [Joh00]. The structure of the Schur measure leads, in the edge scaling, to the
GUE Tracy—Widom law. Deformed models of random partitions (obtained by replacing the Schur
polynomials by their generalizations from the Macdonald symmetric function hierarchy [BC14] and
beyond) display connections to further particle systems generalizing last-passage percolation and
TASEP (Totally Asymmetric Simple Exclusion Process). In particular, one can directly utilize
the Yang—Baxter bijectivization to construct these particle systems: the ¢-TASEP [BC14] and ¢-
PushTASEP [MP17], the stochastic six-vertex model and ASEP [BCG16], and integrable models of
directed random polymers, including the log-gamma [Sep12] and O’Connell-Yor [OY01] polymers.

Let us also mention that in rigorous two-dimensional statistical mechanics, the random star—
triangle transformation (itself a bijectivization of the Yang—Baxter equation) underlies the proof of
rotational invariance of the critical Ising, FK, and six-vertex models [DCKK™20].

Outline

In Section 1 we recall the three vertex models whose partition functions are the Schur symmetric
polynomials. We also write out the Yang—Baxter equation for one of the models, and utilize it to
prove the Cauchy summation identity. Section 2 describes the t- and ¢-deformations of the Schur
vertex models (leading, respectively, to the Hall-Littlewood and ¢-Whittaker polynomials). The
Hall-Littlewood and ¢g-Whittaker polynomials are connected by the Macdonald duality, which at
the level of vertex models can be realized as the fusion procedure. This section may be skipped if the
reader is only interested in deriving the Robinson—Schensted—Knuth correspondence from the Yang—
Baxter equation. Section 3 introduces the general bijectivization procedure. In Section 4 we apply
it to the Schur vertex model and derive the Robinson—Schensted—Knuth correspondence. In the
optional Section 5 we indicate how the deformed vertex weights of Section 2 and the bijectivization
yield stochastic particle systems generalizing the Schur-level objects, the last-passage percolation
and TASEP; this part is only sketched. Finally, Section 6 points to further directions in which a
probabilistic reading of the Yang—Baxter equation has been fruitful in recent research.

1 Vertex models for Schur polynomials

1.1 Conventions

A signature of length N is a weakly decreasing integer vector A = (A1 > --- > An), \; € Z; the set
of these is Signy. A partition is a signature with Ay > 0, identified with its Young diagram (the
left-justified array of A; boxes in row ¢, drawn top to bottom in the English convention); [A| =", A;
is its size, £(A) its number of nonzero parts, and sy(z1, ..., x,) is the Schur polynomial. We write
Z>o ={0,1,2,...}. The conjugate (or transpose) partition X" is the reflection of the diagram across
the main diagonal,

Noo= #{j: N\ >} (the height of the ith column of \),



so that (X)) = X and |\| = |A|. Our running example is
A:(4:74’ 1)7 A,: (3’2’2’2)7

displayed in Figure 2.

Strips and interlacing. Two partitions u C A (diagram inclusion) differ by a horizontal strip if
their skew shape A\/u has at most one box in each column, and by a vertical strip if A/u has at
most one box in each row. These two conditions are exchanged by conjugation, and each is encoded
by an interlacing relation on signatures. We write u < A\ (equivalently A > ) for the horizontal
interlacing

Al > p1 > A > pg > e,

which for partitions says exactly that \/u is a horizontal strip. The transposed (vertical) interlacing
is its conjugate,

def

p="N S =N e N > > N > pp >
See Figure 3 for an illustration.
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Figure 2: The partition A = (4,4,1) (left), its conjugate N = (3,2,2,2) obtained by reflecting
across the main diagonal (middle), and a semistandard Young tableau T' of shape A with entries
in {1,...,n}, n = 3 (right): rows weakly increase left to right, columns strictly increase top to
bottom. The cells filled with a given entry k form a horizontal strip (at most one per column), so
T records the horizontal-strip interlacing sequence @ < (2) < (4,1) < (4,4,1). The weight of T is
VT = 222304 and sy = S 2""7T) is the sum of weights over all semistandard tableaux.

horizontal strip (4,2)/(2,1)

vertical strg(l 2,1)/(1,1)

Figure 3: Left: a horizontal strip u < A (shaded), at most one box per column. Right: a vertical
strip p <" A (shaded), at most one box per row. Conjugation exchanges the two.

Weights. Vertex weights are taken nonnegative — and that is all the Yang—Baxter bijectivization
of Section 3 will require of them. A model is moreover called stochastic when its weights, read as
conditional probabilities of the outgoing edges given the incoming ones, sum to one, so that the row-
to-row transfer matrix is a Markov operator; this is a convenient extra structure used in connection
with interacting particle systems.

1.2 Schur vertex model I: Horizontal strips

A solvable lattice model assigns Boltzmann weights to the local configurations on the square grid,
with paths (arrows) conserved at each vertex, and the weight of a whole configuration is the product



of its vertex weights. The most classical instance is the free-fermion five-verter model, whose
partition function is a Schur polynomial. We describe it concretely, following Aggarwal-Borodin—
Petrov—Wheeler [ABPW23| and Mucciconi—Petrov [MP22]; this identity is classical [ZJ09].

Fix n and work on the grid Z>; x {1,...,n}: n horizontal rows indexed from the bottom by
i =1,...,n, and columns indexed by a half-line coordinate. Each edge carries an occupation in
{0,1}, and we encode a local vertex by its four edge occupations

(i1, J1; i2,72) = (bottom in, left in; top out, right out), i1, j1,12,J2 € {0,1}. (1.1)

Path conservation forces the weight to vanish unless i1 + j1 = i9 + jo, leaving six admissible
vertices; the five-vertez condition discards the doubly-occupied vertex (1,1;1,1). The remaining
five vertices, and the Boltzmann weights attached to a vertex sitting in row ¢, are shown in Figure 4.
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(0,0;0,0) (1,0;1,0) (0,1;0,1) (1,0;0,1) (0,1;1,0) (1,1;1,1)
x; 1 1 1 1 0
Figure 4: Top: the edge-occupation convention of (1.1) — a vertex in row ¢ with vertical-in i,

(bottom), horizontal-in j; (left), vertical-out iy (top), horizontal-out ja (right); paths run up and
to the right. Bottom: the five admissible vertices with their Boltzmann weights in row 1.

Remark 1.1 (Free fermion condition). The six Boltzmann weights (the five admissible ones to-
gether with the discarded doubly-occupied vertex of weight 0) satisfy the free fermion condition

(o)l ) ) )) o

A signature A = (A\; > --- > Ay) enters as boundary data through the “parts + staircase”
point set
SA) ={Nj+ N —j+1h<j<n CZ>, (1.3)

a strictly increasing set of occupied sites; here IV is the number of parts of A\. For the partition
function Z, we take a single block of n rows on which A has N = n parts, feed in n paths from
the bottom at the positions S(\), require them to exit through the right boundary, and keep the
top and left boundaries empty. Summing the product of weights from Figure 4 over all admissible
five-vertex configurations with this boundary, by definition, is the partition function Zy(z1, ..., zy).

Proposition 1.2 (Schur polynomial as a five-vertex partition function). We have

sx (w1, ... xn) = Zx(z1, ..., 2).

Sketch of proof. One can use a straightforward bijection between five-vertex configurations and

semistandard Young tableaux which preserves the weights z%*(T) up to reversing the variables



Z; > Tpy1—; (the reversal does not affect the partition function, which is symmetric in the z;’s).
See Figure 5 for an illustration of a vertex model configuration corresponding to the semistandard
Young tableau from Figure 2. Note that each row of the vertex model corresponds to a horizontal
strip in the tableau. O
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Figure 5: The five-vertex configuration corresponding to the semistandard tableau T of Figure 2
of shape A = (4,4,1) with n = 3.

Remark 1.3. Fixing an additional signature p and reading the paths between the bottom boundary
S(A) and the top boundary S(u) yields the skew Schur polynomial sy /,,.

Remark 1.4 (Higher spin version). The free-fermion five-vertex model described above can be
bijectively mapped to a free-fermion instance of the higher spin six-vertex model studied in [Bor17],
[BP18]. The allowed configurations in this model have 41,92 € Z>( and ji, jo € {0,1}. The vertex
weights (in the Schur case) in the i-th row are given by

w(it, j1392, j2) = Liytji=istjo T
The configuration which bijectively corresponds to the one in Figure 5 is shown in Figure 6. Now
the top boundary is given by the multiset {A1, A2,..., A\, }, and the paths enter everywhere from
the left boundary, while the bottom and the right boundaries are empty. In contrast with the

five-vertex model, the columns are now indexed by Z>( (zero parts of A occupy column 0); this
indexing is needed for the weights 27> to produce the correct total power of z; in each row.

S N . !

(3,0;3,0) (3,0;2,1) (3,1;4,0) (3,1;3,1) T

P B )
w=1 w=x; w=1 w = T; T I

Figure 6: Left: the four vertex types (j1,j2) € {0,1}2, labelled (i1, j1;12, j2), with weights w = 3:]2

The vertical occupation 41,79 > 0 is arbitrary, subject to i1 + j1 = 49 + jo; here we draw the
representatives with 47 = 3. Right: the higher-spin six-vertex configuration corresponding to the
tableau T (equivalently, to the five-vertex configuration of Figure 5); the columns are indexed
from 0.

Remark 1.5 (The free-fermion six-vertex model, and the Aztec diamond). Allowing the vertex
(1,1;1,1) turns the five-vertex model into the siz-vertex model. Keeping the free fermion condi-
tion (1.2), one can define free-fermion Schur functions [ABPW23], [Nap24], which generalize both
horizontal- and vertical-strip Young tableaux (the vertical strip setting is detailed in Section 1.4
below). This family of functions includes as particular cases the factorial and shifted Schur poly-
nomials, as well as the Frobenius—Schur functions.



1.3 Skew Young diagrams and vertex model rows

Drop the condition ji, jo < 1 on the horizontal edges of the higher-spin model (Remark 1.4), keeping
11,12 € Z>o and the arrow conservation i1 + j; = i2 + jo at each vertex. Consider a single row of
vertices on this more general vertex model. We read configurations of vertical arrows as multisets,
and interpret them as partitions A (at the top) and p (at the bottom). In particular, the vertical
occupation ip at the top of column x is the multiplicity ma(A) = #{i : \i = x}. Writing h, for the
occupation of the horizontal edge entering column z from the left, we have

he = ) (my(N) = my(p)) = X, — p.

The horizontal edges are thus nonnegative if and only if Al > u! for all , which is equivalent to
the Young diagram inclusion p C .

—rJ I | o [ [ ]

Figure 7: The dictionary between general vertex models and skew Young diagrams.

Restricting A/u to horizontal strips recovers the higher-spin model of Remark 1.4. Restricting
to vertical strips, we obtain another combinatorial condition on the allowed vertex types:

Lemma 1.6. For a vertex row configuration corresponding to a skew Young diagram \/u, the
inequality jo < i1 holds at every vertex if and only if N/ is a vertical strip.

Proof. At column z the bottom vertical edge carries iy = mg(u) = p, — p,,; and the outgoing
horizontal edge carries jo = hyq1 = N, 1 — fiy,4, SO

J2<it = Nepr —Ho SHp — Mo = Ay S Mg
This completes the proof. O

The vertical-strip model is discussed in detail in Section 1.4 below.

Remark 1.7. The five-vertex model is not a direct specialization of the model in Remark 1.4,

but it is a bijective change of coordinates from the horizontal-strip case, which corresponds to the
shifted coordinates S(\) (1.3).

The rest of this subsection is a digression, not used later in the notes. In the shifted coordinates
(1.3), the six-vertex model of Remark 1.5 (that is, with the doubly occupied vertex (1,1;1,1)
allowed) captures one more distinguished class of skew Young diagrams — ribbons (border strips):
connected skew diagrams containing no 2 x 2 block of boxes.

Lemma 1.8 (Ribbon condition). Let A, u be partitions with at most N parts, both encoded as in
(1.3) with this common N. Consider a single row of the siz-vertex model (all edges carry occupations
in {0,1}, and all siz vertices of Figure 4, including (1,1;1,1), are admissible) with bottom boundary
S(u), top boundary S(N\), and empty left and right horizontal edges. An admissible configuration
exists if and only if p C X and every connected component of \/u is a ribbon (equivalently, \/u
contains no 2 x 2 block of boxes). The configuration is then unique; see Figure 8.



Proof. The configuration is forced by the boundary data: the occupation h, of the horizontal edge
between columns x and = + 1 must equal

hy = #(S()N{L,....2z}) —=#(SN)N{L,...,a}) =#{i: i —i >2x— N} —#{i: py—i >« — N},

(1.4)
and any assignment with all h, € {0,1} is admissible. Row ¢ of A/u contains a box of content
x — N (content = column — row) if and only if u; —i < x — N < A\; —i. Hence h, > 0 for all z is
equivalent to u C A, and then h, counts the boxes of A/ of content  — N. The condition h, <1
states that every diagonal of \/u carries at most one box, which is equivalent to the absence of a
2 x 2 block: two boxes of equal content force boxes of that content in all intermediate rows, and
two of them in adjacent rows produce a 2 x 2 block. O
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Figure 8: Left: the unique single-row six-vertex configuration with bottom S(u) = {1,4,6,7,10}
and top S(A) = {2,6,7,8,12}, where u = (5,3,3,2), A\ = (7,4,4,4,1), and N = 5. Right: the
disconnected skew shape \/u, a disjoint union of three ribbons of heights 1,3, 1, with the content
of each box indicated; the components do not even share corners, being separated by the empty
diagonals of contents —3, —2 and 3,4. The horizontal edge between columns x and x+ 1 is occupied
precisely when \/u has a box of content  — N. The path emitted at column 4 jumps over the two
stationary particles at columns 6 and 7 — the doubly occupied vertices (1,1;1,1) — which match
the two boxes with a bottom neighbor (contents 1 and 2) in the height-3 ribbon, in agreement with
Remark 1.9.

Compare (1.4) with the identity h, = AL, — i, from the beginning of this subsection: in the mul-
tiplicity coordinates the horizontal edges count the columns of \/u, while in the shifted coordinates
they count the diagonals.

Remark 1.9 (Murnaghan—Nakayama structure). In the configuration of Lemma 1.8, the number of
vertices of type (1,0;0, 1) equals the number of ribbon components of A/, and the number of doubly
occupied vertices (1,1;1,1) equals > (ht(r) — 1), where ht(r) is the number of rows of the ribbon
r (the doubly occupied columns correspond to the boxes of A/u having a bottom neighbor). Thus,
assigning weight —1 to the vertex (1,1;1,1) produces the signs of the Murnaghan—Nakayama rule
[Mac95, Ch. I, §7]. Matrix elements of the free-fermion six-vertex transfer matrices, with weights
factorized over the ribbons of \/u, are computed in [Nap24, §4.2]; for the Yang—Baxter algebra
of the general asymmetric six-vertex model in terms of ribbons, leading to cylindric Murnaghan—
Nakayama rules for Hecke characters, see [Kor21, §4.3].

1.4 Schur vertex model II: Vertical strips

We now describe the third Schur vertex model which operates with the transposed Young diagram,
and corresponds to vertical-strip interlacing sequences as described in Section 1.3 above. We follow
[MP22]. This vertex model may be viewed as a “dual” to the free-fermion five-vertex model of
Section 1.2 (and its higher-spin equivalent version from Remark 1.4).



We encode top and bottom boundary conditions of this new vertex model by Young diagrams.
Namely, to a Young diagram )\ we associate the multiset of its column lengths via

Ai — Ai+1 = #{paths at the i-th vertical edge}, i=1,2,.... (1.5)

For example, the Young diagram A\ = (4,4, 1) corresponds to the configuration with three vertical
edges in column 2, one vertical edge in column 3, and no vertical edges in the other columns.

Remark 1.10. Note that the convention (1.5) used for our second Schur vertex model differs from
the one of Section 1.3 by conjugation. Therefore, in the second model, we still get horizontal-
strip differences between consecutive rows of the vertex model. In the Schur case this change of
convention is immaterial, since Schur and skew Schur functions are invariant under conjugation,
Sx'/w = Sx/u- However, we follow the existing literature [BW21], [MP22] which deals with defor-
mations of the models where this conjugation is meaningful. We discuss some of the deformations
in Sections 2 and 5 below.

We now define two vertex models, exchanged by the reflection i; <> i2 of the vertical axis. The
up-right (blue) weight is ‘
W(ihjl; i27j2) = 1i1+j1:i2+j2 1i12j2 xha (1'6)
with = the spectral parameter of the row, and the down-right (red) weight is its reflection,
W* (i1, 1392, 2) = Ligtjimintis Lia>jo 772 (1.7)
Here 1,12, j1, j2 € Z>0.

Encode the bottom and top boundaries of a single row by the column-length coordinates (1.5)
of two partitions  and X. The condition i1 > jo in (1.6) (respectively ia > jo in (1.7)) is equivalent
to the requirement that \/u be a horizontal strip, see Lemma 1.6 and Remark 1.10. The skew
functions G, (r) and G} /#(x) are defined as the weights of the single rows with these boundary
conditions (for a single row, there is only one admissible configuration in both vertex models).

Gluing k rows with spectral parameters y1, . . ., y, produces G/, (y1, - - -, yx) and Gj/ﬂ(yl, ces k)
in the similar manner.

Remark 1.11. The horizontal arrows on the left boundary in the models for G/, and G} /Ay
be arbitrary. This may be modeled by placing an infinite number of vertical edges at column 0 with
occupation i; = i3 = co. Then, the weights become W (oo, ji; 00, j2) = 272, which are independent
of j1 (and similarly for W*). These boundary weights are the correct choice for our partition
functions. This convention is also equivalent to setting A\g = +o0, see (1.5).

Configurations contributing a nonzero weight to G/, or G /u are in bijection with interlacing
chains of partitions g = A0 < A1) < ... < Ak} = X\ with the i-th row creating the horizontal
strip A® /X6=1)_ Unlike for the models in Section 1.2, both G' and G* are defined for any number
of variables and are stable under y; — 0. On the other hand, the number of variables & must be
at least the length of the longest column of A/u for the weight to be nonzero.

Proposition 1.12. For partitions u C A and any number of variables, we have

G)\/u(yla"'ayk) = G;/M(ylvvyk’) = Sk/u(yla"wyk)v Gy = GA/@'

Proof. Follows by identifying vertex model configurations with chains of interlacing partitions (dif-
fering by horizontal strips), equivalently, with semistandard Young tableaux of shape A/u. An
illustration of this identification is given in Figure 9. The vertex weights (1.6) and (1.7) produce
the correct weight y™*?) for each tableau T entering the (skew) Schur polynomial. O
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Figure 9: A configuration of the vertex model W (1.6) and the corresponding semistandard Young
tableau. The shape is A = (5,3,2,1,0), and the weight is y193y3yiye = y"*T) . No path in the
vertex model can go below the diagonal thanks to the condition i1 > js in (1.6). The thick edge at
column 0 carries the infinite vertical occupation (see Remark 1.11), from which the paths peel off
to the right.

1.5 Yang—Baxter equation and Cauchy identity

Let us now formulate the Yang—Bazter equation connecting the models W and W*. Define the
cross-vertex weights by

Rx,y(ilaﬁ; Z‘27]‘2) = R:C,y = Litjo=ji+io (xy)min(i%h)v (1'8)
i J2
with (i1, 1) the incoming and (iz, j2) the outgoing arrow counts.

Proposition 1.13 (Yang-Baxter equation). For all boundary occupations i1,1i2,13,j1,j2,j3 € Z>0
and spectral parameters x,y, we have

D Ryylin ini ko, ki) W(ks, kas g, jo) W* (i3, ks ks, i)
k1,k2,k3>0

= ) Wiis,ia; kb, k) W (K, iv; ja, ki) Ray (K, K3 g2, j1),  (1.9)
kY kb k>0

where W = W, (1.6) and W* = W, (1.7) carry the row parameters x and y. Graphically, the two
local vertex configurations of Figure 10 have equal partition functions: the R-cross may be dragged
across the W /W* pair while preserving the siz boundary edges.

Proof. Follows by a direct computation with explicit weights. O

Let us now use the weights W and W* to construct a vertex model for the sum

ZSA(fla-w733N)5>\(?/1,--'7?/N)7 (110)
A
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Figure 10: The Yang-Baxter equation (1.9) of Proposition 1.13. The boundary arrow counts
i1,12,13, J1, J2, j3 € Z>o are fixed, and the internal arrow counts k1, ko, k3 and k7, k5, k4 are summed
over. The vertical edge on the left or on the right serves as a source or a sink, respectively.

where A runs over all partitions with at most N parts. That is, we realize the Schur polynomial
sx(z1,...,xN) as the partition function of the up-right model with N rows, weights W, and top
boundary A; and we realize s)(y1,...,yn) as the partition function of the down-right model with
N rows, weights W*, and bottom boundary A. See Figure 11 for an illustration.

Remark 1.14. The sums in the Yang—Baxter equation (1.9) are finite for any fixed finite boundary
i1,12,13, J1, J2,J3 € Z>o (see Figure 10), so the Yang-Baxter equation is a polynomial identity in
x,y. However, for the Cauchy sum (1.10) we employ the infinite boundary condition in the zeroth
column, so the sum runs over all partitions (with at most IV parts), and is a power series in the z;, y;,
convergent for |z;|, |y;| < 1. Alternatively, it may be treated algebraically as a formal series. The
two viewpoints are essentially equivalent, but since we are dealing with probabilistic connections,
we adopt the analytic one.

(0.@)
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\\\ 5
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/, :?
Ty == ’ S)
Pid o
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4 —_—
1 7 =
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Figure 11: The vertex model for the Cauchy sum ), sx(z1,...,2n) sx(y1,...,yn) with N = 4.
We now explain how to use the Yang-Baxter equation to evaluate the sum (1.10) as a finite

product; the three steps are illustrated in Figure 12. Insert an auxiliary N x N square of the cross-
vertices Ry, ;. to the right of the lattice in Figure 11. The crosses are initially empty thanks to the
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boundary conditions @ on the right, so this inserted square must be empty, which contributes a
factor of 1 to the partition function.

We then drag this square leftward through the lattice, one cross at a time, by the sequence of
Yang—Baxter moves of Proposition 1.13 (see Figure 10). Each move preserves the partition function
while altering the lattice by exchanging one blue line with one red. After N2 such moves, one for
each pair x;,y;, every cross has reached the empty left boundary, where its incoming occupations
are (0,0). Thanks to the boundary conditions oo in the zeroth column, the outgoing occupations
of each cross can be arbitrary (but equal), so each cross contributes

Z Ry, 4,;(0,0;a,b) = Z Lo=p (ziy;)" S

1 -y,
a,b>0 a,b>0 iYj

See Figure 12 for an illustration. Meanwhile, the lattice to the right of the crosses, with the blue
and red blocks interchanged, carries no paths at all (and thus has weight 1): an up-right path there
would have to exit through the empty top boundary, and a down-right path through the empty
bottom one. Thus, we obtain

Proposition 1.15. For any N and x1,...,xN,Y1,...,yn with |z, |y;] < 1, we have
A
ZS/\(ajl,...,HZN)S,\(yl,...,yN): H _—, (111)
) ij=1 1= 2y;

where the sum is over all partitions A with at most N parts.

1.6 Summary: Three kinds of Schur vertex models

The Schur polynomial has now appeared as the partition function of three vertex models: the five-
vertex model (Section 1.2), the higher spin vertex model with capacity one of the horizontal edges
(Remark 1.4), and the vertical-strip model (Section 1.4) with arbitrary capacities at the edges, but
with the restriction like jo < 1. Each of the three classes of models is a member of a hierarchy of
solvable lattice models:

e The five-vertex model (Section 1.2) sits inside the free-fermion siz-vertex model (Remark 1.5,
[ABPW23], [Nap24]). Furthermore, dropping the free fermion condition, we arrive at par-
tition functions of general six-vertex models. Notably, this family also includes symmetric
Grothendieck polynomials [MS13].

e The higher spin vertex model (Remark 1.4) was studied in connection with symmetric func-
tions [Borl7], and then in connection with particle systems [CP16], [BP18]. This lifts the
Schur polynomials to the Hall-Littlewood polynomials and further to the spin Hall-Littlewood
symmetric rational functions.

e The vertical-strip model (Section 1.4) lifts the Schur polynomials to the ¢-Whittaker and spin
g-Whittaker polynomials [BW21], [MP22], [BK24], [Kor24].

Despite the differences, these deformations are essentially instances of one general fully fused
higher spin six-vertex model (connected to the quantum group U, (slz)). We will not describe this
general model in full generality, but in Section 2 below we will discuss some of the deformations of
the second and the third models, and connect them together via the fusion procedure.

12



(a) (b)
a 1
azo(xiyj) 1=y,
(c)

Figure 12: Illustration of the proof of the Cauchy identity (Proposition 1.15) by the Yang—Baxter
equation. (a) Attaching the empty N x N square of R, ,. vertices to the right of the lattice in
Figure 11. (b) Dragging one cross through the lattice by the Yang-Baxter equation. (c) After N?
moves, all crosses have reached the left boundary (see Figure 13 for a smaller but more detailed
example). Each cross contributes a geometric series to the partition function.

2 ¢-deformations: Hall-Littlewood, ¢-Whittaker, and fusion

This section is optional: it treats the t- and q-deformations and is not needed for the derivation of
RSK in Section 4.

Putting the five-vertex model aside, we now focus on the two other Schur models of Section 1.
FEach of them carries deformations that preserve the Yang-Baxter equation and hence the Cauchy
identity (proven exactly in the same way as in Section 1.5). We do not explore the full generality
of the deformations (detailed in [Borl7], [BP18] and [BW21], [MP22], [BK24], [Kor24]), but focus
on the symmetric-function cases of Hall-Littlewood and ¢-Whittaker polynomials.

2.1 Vertex model for Hall-Littlewood polynomials

The Hall-Littlewood weights are the t-deformation of the higher-spin six-vertex model of Re-
mark 1.4: horizontal edges carry ji,j2 € {0, 1}, the vertical edges have unbounded capacity, and
arrows are conserved, i1 + j1 = 42 + j2. The four nonzero weights, with spectral parameter z, are

m 1%' Jm “l* (2.1)

w=1 w=x w=1 w=uz(1-1t9)

where g denotes the occupation of the incoming (bottom) vertical edge (¢ = 3 in the pictures), and
all other configurations are weighted 0. At ¢t = 0, we recover the Schur weights from Figure 6.
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Figure 13: An example of a configuration in the final step of the Yang—Baxter moves in the proof
of the Cauchy identity (Proposition 1.15). The numbers along the edges indicate occupations. The
framed numbers on the vertices indicate min(ig, j2), which enter the weights R, , (1.8). The edge
occupations are uniquely determined by the framed numbers, thanks to the arrow preservation. The
framed integers form a nonnegative integer matrix (the Robinson—Schensted—Knuth input matrix
of Proposition 4.4), and the arrows recorded by the edge occupations are its Viennot shadow lines
[Vie77], in the generalization from permutation matrices to arbitrary Zsg-matrices [Pral5].

Proposition 2.1 ([Tsi06], [FW09], [Borl7]). For a partition A, the partition function of the higher-

spin model with N rows of spectral parameters x1,...,xN, weights (2.1), top boundary \ (given
by the multiset {A1,...,AnN}), fully packed left boundary, and empty bottom and right boundaries
(see Figure 6) equals the Hall-Littlewood polynomial Py(x1,...,xn;0,t), up to a normalization

independent of the x;’s.

A standard reference on Hall-Littlewood and Macdonald polynomials is the book [Mac95]. Here
and below, we use the notation Py(--- ;q,t) for the Macdonald polynomials. For ¢ = 0, they reduce
to the Hall-Littlewood polynomials. For ¢ = 0, Macdonald polynomials become the ¢g-Whittaker
polynomials, which we discuss in Section 2.2 below. Both families become Schur polynomials at
g =t (which, in applications to vertex models, is taken to be ¢ =t = 0).

Remark 2.2 (Spin Hall-Littlewood). Adjoining a spin parameter s deforms the four weights (2.1),
in the same order, into

1— sat9 x — st9 1—s%t9 x(1—19)
)

)

1—sx 1—sx’ 1—sx 1—sx’

which return (2.1) at s = 0. Their partition functions are the spin Hall-Littlewood rational functions
[Borl7], [BP18]. One may even let s ~» s; vary column by column without breaking the Yang-
Baxter equation.
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2.2 Vertex model for ¢-Whittaker polynomials

Now consider a g-deformation of the up-right weight W (1.6), whose edges carry arbitrary mul-
tiplicities 1, j1, %2, jo € Z>0, subject to the conservation law ¢; + j1 = 72 + j2 and the restriction
jo <iy1. The ¢-deformed weight is defined as

i (4 9)i

W (i1, j1;i2, jo) = Lt ji=io+o Lir>jo (@ D) (@)1 ) (2.2)
1 4/J2 \1» 1)11=]2
where (a;q)m = 2":_01(1 — ag”) is the g-Pochhammer symbol (with (a;q)g = 1, and (a;q)m =

H,;l%_l(l —aq™*)~1 for m < 0). As ¢ — 0, the weight reduces to (1.6).

Remark 2.3. The ratio (¢;¢)i,/(9;9)j, (¢;9)i,—j» is the g-binomial coefficient Bl] , a standard
2
. q
g-deformation of the binomial coefficient (;;) Note that the “classical” limit for us is ¢ — 0, not

q— 1.

Proposition 2.4. For a partition A, the partition function of the up-right model with N rows
of spectral parameters x1,...,xN, weights (2.2), top boundary X\ and empty bottom boundary (see
Figure 9) equals the q- Whittaker polynomial P\(x1,...,xN;q,0), up to a normalization independent
of the x;’s

Remark 2.5 (Spin and diagonal parameters). One can add a spin parameter s further deforming
(2.2) into the spin ¢-Whittaker weight of [BW21], [MP22]:

( S/x q)]2 ( ST, Q)il—]é (QQ Q)i2
(Q7 Q)JQ (Qa Q)h —Jj2 (52; Q)iz

W(®1a]1712a]2) = 111+]1 =io+j2 111>J2 a2

The corresponding partition functions are the spin g-Whittaker polynomials (unlike the spin Hall-
Littlewood symmetric rational functions, these are polynomials in the z;’s). Going further, [BK24],
[Kor24] enriched the spin ¢-Whittaker weights with extra diagonal parameters carried by the ver-
tices; these have a representation-theoretic meaning and interpolation properties.

2.3 Macdonald duality

Here we illustrate how one can turn Hall-Littlewood polynomials into the ¢g-Whittaker ones, and
connect this construction to vertex models. First, consider the Cauchy identity for Hall-Littlewood
polynomials [Mac95, Ch. III, §4]:!

—tx
ZPA($17'"7xN;07t)Q/\(y17'-'7yM;0t HH ly] (23)
A

1—=2
i=1j5=1 iYj

Here, @)y is a multiple of Py, where the coefficient depends on ¢ and A but not on the y;’s
We now perform the following steps with (2.3):

e Replace each y; by a finite geometric sequence v;, ty;, ..., t7

(J))

(denote this finite geometric sequence by 1;”’). This is a finite version of the plethystic sub-
stitution appearing in symmetric function theory. On the vertex model side, this corresponds

y; of some length J € Z>;

IThis Cauchy identity also admits a Yang—Baxter proof, e.g., see [Borl7].
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to fusion of J rows of the Hall-Littlewood vertex model, and dates back to [KRS81]. This
turns the Cauchy identity (2.3) into

1—t7 2
Zpk(xla---aJ;N;Ovt)Q)\(ng)v"',yM aO t HH y] (24)
A

1—=x
i=1j=1 iYi

e Without proof, we claim that both sides of (2.4) depend on the parameters y; and ¢/ analyt-
ically (this assertion would follow from the vertex model discussion in Section 2.4 below). In
particular, we may perform the substitutions

Yi ~ 07 tJyZ ~ 2, izl:"'>M7

where z; are new indeterminates. The Cauchy identity (2.4) becomes

N M
ZP)\(.Tl, cee ,JZN;O,t)F)\(Zl, ‘e ,ZM) = H H(l +$i2j). (25)
A

i=1j=1

e It remains to identify the symmetric functions F)(z1,...,z5) in (2.5). Thanks to the Mac-
donald duality w, ¢ which interchanges ¢ and ¢ in the Macdonald polynomials (and transposes
the partitions), the Hall-Littlewood and ¢-Whittaker polynomials satisfy the following dual
Cauchy identity:

N M

ZPA(ﬂfh cooyxn; 0,8) Py (21, .-y 20058, 0) = H H(l + zi25). (2.6)
A

i=1j=1

Since the identity (2.6) uniquely determines the functions Py/(--- ;¢,0) (due to the orthogo-
nality of the Hall-Littlewood polynomials), we conclude that

Fx(z1,...,2m) = Py(z1,- .., 2051, 0),

which are exactly the ¢-Whittaker polynomials (where the role of ¢ is taken by the parame-
ter t).

2.4 Fusion

The same steps as in Section 2.3 may be carried out directly at the level of the vertex weights.
Let us briefly outline this procedure, which is known as fusion [KRS81], [KR87], [Borl7], [CP16],
[BP18].

The fundamental building block is the Hall-Littlewood vertex (2.1), of horizontal capacity one,
so j1,j2 € {0,1}. Fix J € Z>; and consider J copies of the vertex, stacked vertically. Assign
to the r-th row the spectral parameter ¢t"~'z, so that the column carries the geometric string of
parameters. This mirrors the substitution y; — yl(‘]) from Section 2.3 above.
The fused weight is defined as the sum over the J incoming and outgoing horizontal occupations

ﬁl, 52 € {0, 1}‘]:

J
(r) r r
w(J)(Zh]hlZa]Q Z tz 1r=1hy Hwtrflx(er—lahg )7€T7hg ))7 (27)
Zi \h1| = r=1
|Ra|=ja
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Figure 14: The fusion procedure (2.7) for J = 3. Summing over the incoming and outgoing strings
hi, ho € {0,1} with totals j; = |h1| and jo = |hs|, with the t-exchangeable weight on the incoming
arrows, collapses the column to a single fused vertex of horizontal capacity J.

where w, are the weights (2.1) with spectral parameter u, and the internal vertical occupations
are determined by arrow conservation, £o = i1 and £, = £,_1 + hgr) - hgr) (so that £; = i3). See
Figure 14 for an illustration of the fusion procedure.

The normalization in (2.7) is the ¢-deformed binomial

Zi(7) = 3 a0 ) H |
t

Bit|hy|=j

The weight $52 (= 1)y /Z;, (J) placed on the incoming arrows is the t-ezchangeable normalization
(e.g., see [GO10] for a probabilistic perspective). Fusion is built so as to preserve the Yang—Baxter
equation [KRS81], [KR87]; the fused weights (2.7) therefore satisfy it as well, as do their stochastic
counterparts [Bor17], [BP18]. By construction (2.7) is a genuine vertex weight of horizontal capacity
J — a function of the four occupations i1, j1, i2, jo alone.

In fact, the outer sum over the outgoing string in (2.7) is redundant: a fused column maps
t-exchangeable inputs to t-exchangeable outputs [CP16, Prop. 3.6], so that for every fixed hy with
|ha| = j2, we have the following refined identity:

J
J (r) . . Z: (J J ey B
§ tzwzl(rfl)hl | | wtrflg;(gr—la hg );gm hg )) — Z]lgji tzr:1( 1) hy wg(g‘])(zhjl; zg,jg).
ﬁl:\ﬁﬂ:jl r=1 72

(2.8)

Remark 2.6. Let us illustrate (2.8) for J = 2. The general-J case of (2.8) follows from the same
computation applied to adjacent rows, since the symmetrization underlying t-exchangeability is
generated by swaps of neighboring rows.
Take iy = 0, j1 = 1, so the incoming string is (1,0) with weight 1 and (0, 1) with weight ¢. For
the outgoing string ho = (0,1) the two incoming terms give
th(07 Oa 07 0) wtm(oa 17 07 1) + wx(ov 17 17 0) wtm(L Oa 07 1) = tr = xtla

/

-~

=tz =tx(1-t)

while hy = (1,0) gives z = 2t°. Since j; = j, = 1 makes Zj/Z;, =1 in (2.8), either outgoing

string already yields w£2)(0, 1;0,1) = x, with no outer sum needed.
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Carrying out the fusion sum (2.7) — a direct if lengthy computation — gives the fused weight
in closed form:?
(i1+2j1—1)+ 3 (j1—i2) (j1 —i2—1)

Tl N 1, i j
w:(c )<Z17.]17227.72) - 1i1+j1:i2+j2 t2" xh —

t—il;tk t_i2;tk o g
XZ( (if)h b (peimiath gy, (I ),k (2.)

(/)

Since the prefactor multiplying 272 is free of both x and J, we may write wy ' (i1, j1; 92, j2) =
272 > 0 (1) (t7)P. In particular t/ may be set to any complex value.

Expanding the one t/-dependent factor by the t-binomial theorem and evaluating the inner sum
by the terminating ¢-Chu-Vandermonde identity [GR04, (IL.6)] gives ¢,(t) explicitly:

2~ (t; ) i1 14jo— 1+j -
ept) = (—1)p (") U (2P ), (), L 0 < p <.
P (t:t) (G1)s, 2], P P

The factor (t1+j2_p;t)p acquires the vanishing term 1 — ¢t as soon as p > j2, so we see that the
degree of (2.9) in 7 is equal to min(iy, jo).

Put z = —t/2. Then

‘ min(il,jz) min(il’]é) )
wi iy, iy, j2) = 27 D plt) (—z/x)P = cp(t) (=1)P 2727P 2P, (2.10)
p=0 p=0

Send = — 0 while keeping z fixed. If i; < ja, then (2.10) vanishes, which leads to the indicator
1i,>4, in (2.2). If 43 > jo, then the limit picks only the term with p = js, giving the ¢g-Whittaker
weight:

(t; t)il
t; t)jz (t; t)il—jz ’

iy ,
1. . )2 ) =1 . )2
11272 |:j2:| . 112272 (
where the parameter ¢ plays the role of ¢ in (2.2).

Remark 2.7 (Spin parameter). Carrying the spin parameter s of Remark 2.2 through the fusion
works equally well, and produces the spin ¢-Whittaker weights of Remark 2.5. The fused J-
dependent weights one has to go through take the following ¢-hypergeometric form [Man14], [Bor17],
[CP16):

e N
wé,s (i1, 71312, J2) = Liy4j1=ia 4

(_1)i1+j2 t%il(i1+2j1_1) gJ2—i i1 (t§t)j1 (82;t)i2 (1‘871; t)j1—i2
(t; t)j? (t; t)is (32; t)iy (xs; t)i1+j1
(Tt sy tspT!
X 493 82, t1+j17’ig, t1+J7i17j1 t’ L.
Here ,4+1¢, is the regularized terminating basic hypergeometric series:
_(tT™™ aq,...,a - ) !
r+1<,0r< ! "t z) =) A (.—’)H(ai;t)k (bit*; i = [ J(0ii o - rr10r. (2.11)
bi,...,b, (t; )k - -
k=0 i=1 i=1
The fused weight (2.10) reduces to the spin Hall-Littlewood weight of Remark 2.2 at J = 1, and
to (2.9) at s = 0. Here s is the parameter of the vertical (generic Verma) representation of U (sl2).
Setting s? = ¢~ caps the vertical occupations at I.

2This computation may be reduced to checking certain recurrences for w'’). We refer to [CP16, Prop. 3.6] for a
detailed derivation via these recurrences in the presence of the additional spin parameter.
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3 Bijectivization: From identities to Markov transitions

We outline the idea of bijectivization (probabilistic bijection), the device that converts the algebraic
Yang—Baxter identities of the previous sections into stochastic (Markov) steps.

Bijectivization of the Yang-Baxter equation was introduced by Bufetov and Petrov [BP19],
extending the earlier works which constructed randomized (Markov) RSK-like insertion processes
for Hall-Littlewood and g-Whittaker polynomials [OP13], [BP16], [MP17], [BP15], [BBW16]. In
integrable probability, Yang—Baxter bijectivization has been applied further to connect spin Hall-
Littlewood and spin ¢-Whittaker polynomials [BMP21], [MP22] to various stochastic vertex models;
to construct Markov maps preserving the TASEP measure [PS22], [PS24] or the six-vertex measure
on the full plane [NP22]. Furthermore, bijectivization has been extended to half-space models
[CD21] and to the full two-parameter Macdonald setting [AF21], [FSA24].

Strikingly, the same mechanism appears independently in two-dimensional critical statistical
mechanics in the proof of rotational invariance of the Ising, random-cluster, and six-vertex models.
Namely, the star-triangle (Yang—Baxter) relation is realized as a move that “uses extra randomness

. and is not a deterministic matching of the configurations” [DCKK™'20]. This is the general
mechanism which we are about to describe.

Consider any identity with positive terms,

> wt(a) = > wi(b), (3.1)

a€A beB

where A, B are finite or countable index sets and wt > 0. A bijectivization (or probabilistic
bijection) of (3.1) is a pair of nonnegative matrices p™4(a — b) and p""4(b — a), indexed by a € A
and b € B, satisfying the stochasticity

Z hWd(a —b) =1, Z pde(b —a)=1,
beB a€A

and the reversibility (detailed balance) relation
pV(a — b)wt(a) = p""(b — a)wt(b) foralla € A, be B. (3.2)

Summing (3.2) over b recovers the left side of (3.1) from pf™9 being stochastic, and summing over
a recovers the right side; thus a bijectivization is exactly a coupling [Lin02], [Tho00] of the two
sides of the identity. That is, the joint distribution on A x B with weights p™4(a — b)wt(a) has
marginals wt(a) and wt(b) on A and B, respectively.

Let us highlight two extreme cases of bijectivization:

o If pf"d is equal to zero or one, i.e., supported on the graph of a map a — b, then the coupling
is an honest bijection (and pP"! is its inverse). One can say that this bijection provides a
combinatorial proof of (3.1).

e The opposite extreme is the independent (“maximally random”) bijectivization

fwd _ wi(b)
R R EC)

which makes the output independent of the input. The coupling in this case is just the
product of the two marginals.
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A bijectivization always exists, as the second example shows. It is unique only when one of A, B is
a singleton. When both A and B have exactly two elements, the bijectivization is a one-parameter
family.

When bijectivization is applied to the Yang—Baxter equation (1.9), the sets A and B are the
sets of all possible arrow configurations of the internal edges (indexed by ki, k2, k3 and ki, kb, ki,
respectively), and the weights are the products of the three vertex weights on each side. The full
power of bijectivization is realized when it is applied sequentially on the lattice, by dragging the
cross vertex through several columns, one at a time. In particular, if the cross is dragged from left
to right, then the Markov property implies that the distribution of ¥/, k5, k% in the first (leftmost)
column does not depend on the subsequent columns.

4 Deriving RSK from the Yang—-Baxter equation

We now specialize bijectivization to the Yang-Baxter equation for the Schur vertex model that
we used in Section 1.5. We will see that a natural bijectivization in this case may be taken to be
deterministic, and identify it with the classical Robinson-Schensted-Knuth (RSK) row insertion
algorithm. This material first appeared in [MP22, §5]. First, we recall the RSK in the toggle form.

4.1 RSK via toggles

Classical RSK can be built entirely from local moves [Pak01], [Hop14], which we now explain. First,
recall Fomin’s growth-diagram form of RSK [Fom88], [Fom95a]. Instead of building tableaux by
insertion, one records the algorithm as a labeling of the vertices of an N x N grid by partitions: the
partitions at adjacent vertices interlace (that is, differ by a horizontal strip), and the nonnegative
integer entry of the input matrix is placed inside the corresponding unit cell. The two output
tableaux P and () are then read off the chains of partitions along the top and the right boundaries
of the grid. See Figure 15 for an illustration of the growth diagram. A complete worked example
— the insertion algorithm running in parallel with the corresponding vertex model states — is
presented in Figure 20 at the end of this section.

The entire diagram is generated by a single local (toggle) rule that updates the top-right corner
of a cell (denoted by v) from the other three corners (denoted by A, i, 3¢) and the integer inside the

cell (denoted by k):
A v

% I
The local rule assumes that p, A are fixed, and it is a bijection between the following two sets:

{se:0 <X\, < pu} xZso «— {v:v>=X\ v>=p}, (4.1)
which is defined by the “toggle” relations
v1 = k + max(Aq, p1), Ver1 = Max(Aet1, thet1) + min(Ae, pe) — 2. (¢ > 1). (4.2)

In Figure 19 at the end of this section, the roles of s, A, u, v are marked in one cell of the growth
diagram of the running example of Figure 20.

Remark 4.1. Note that other bijections between the two sets in (4.1) would correspond to other
versions of the RSK correspondence, for example, the column insertion version. We refer to
[Fom95a], [Fom95b] for further discussion.
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Figure 15: Fomin’s growth diagram. Each vertex carries a partition, drawn as its Young diagram;
the left and bottom boundaries are empty (&); adjacent partitions interlace by a horizontal strip.
Each cell carries a nonnegative integer (the input matrix entry), and the top-right partition is
determined by the other three corners and this integer via the local (toggle) rule (4.2). The top
and right boundaries give the output Young tableaux P and @), respectively.

4.2 Yang—Baxter bijectivization in the Schur case

The Schur Yang—Baxter equation (1.9) for the weights (1.6), (1.7) and the cross-vertex weights
(1.8) possesses a deterministic bijectivization. First, note that, as in any Yang-Baxter equation
of the form (1.9), for fixed boundary conditions occupations i1, i2, 43, j1, je, j3 € Z>0, both sides of
(1.9) vanish unless the global balance i1 + jo + j3 = i2 + i3+ j1 holds. Under this balance condition,
path conservation at the three vertices leaves a single free internal coordinate on each side,

(k1, ko, k3) = (K1, dio+ki —i1, i3+ j1 — k1), (K1, Ky, k5) = (KY, kL +j2—j1, js+i1—k]), (4.3)
respectively.

Lemma 4.2. In the Yang—Bazter equation (1.9) for the Schur vertex model, the summands in the
left- and right-hand sides are, respectively,

P () g ey (g minG), (4.4)
These are nonzero exactly on the integer intervals
max (0,41 —i2) < ki < min(i, i3 +j1 —j2),  max(0,j1 —jo) < ky < min(gs, jz +i1 —iz), (4.5)

which contain the same number of points.
Moreover, the map

/1 = j1— min(jl,jg) + min(kl, k‘g) = k1 + max((),jl — j2) — maX(O,il — ig) (4.6)
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is a weight-preserving bijection between the weights (4.4), so (1.9) admits a deterministic bijec-
tivization — one with p™4, pP"d € {0,1} in (3.2).

Proof. The formulas (4.4) are obtained by substituting (4.3) into the vertex weights (1.6), (1.7),
and (1.8). The occupation bounds k2 > 0 and k3 > max(ji, j2) in (1.6), (1.7) (and their primed
counterparts) cut out the two desired intervals (4.5). Finally, note that since &} +min(j1, jo) = j1+
min(ky, k) and k) = k| + jo — j1, the map (4.6) turns the right-hand summand z*2y*1 (zy)min(1.52)
into the left-hand one, 72y (:Uy)min(khk?). Moreover, it is a bijection between the two intervals
(4.5). This completes the proof. O

Remark 4.3. The bijection (4.6) takes a cleaner form in terms of the vertical arrow counts ks =
i3+ 1 — ki, Ky = j3 + i1 — ke

Ky = ks + max(iy,iz) — max(jy, j2)- (4.7)
pfwd
Re,y
H (11 —p2) (12 —p3] (13 —pa] (1a—ps]

k
x—V —> | 73— M4 M4 — M5 o5 — M6

A EYE2YY A2 =2s] PAa=2d] Pa=Xs]

Figure 16: Dragging the Yang—Baxter cross through two rows u/s (top) and A/s (bottom) of a
growth diagram. Each vertical edge carries a column multiplicity [, — U.11. The middle row is
rewritten s — v (the shaded columns are already updated). The only free input is k € Z>¢ at
the first column, which corresponds to the state of the cross vertex R, , to the left of the zeroth
column (the simplest example is in Figure 12, (c)). We discuss this free input in detail at the end
of the proof of Proposition 4.4.

Proposition 4.4. Dragging the cross (1.8) rightward across the two rows \/s and u/» of Fig-
ure 16, and rewriting the middle rail » — v one column at a time by the deterministic move of
Lemma 4.2, reproduces the local rule (4.2). Consequently, the Yang—Bazter moves over the N x N
grid (Figure 15) produce the Robinson—Schensted—Knuth correspondence.’

Proof. Fix a column ¢ > 1. The three rails give the vertical occupations
13 = )\c - >\c+17 j3 = H¢ — Mc+15 kS = M — Hc+1, ké = Ve — Ve 1, (48)

the middle edge reading s ahead of the cross and v behind it. Each horizontal leg carries the
number of paths crossing it, a partial sum of the strip multiplicities: the two legs entering the
cross carry i1 = V. — e and i2 = v, — A, and the two leaving it carry j1 = Acy1 — #c4+1 and
J2 = let1 — #et1, all nonnegative by s < A\, u < v. Hence

max(iq,i2) = Ve — min(A, pic), max(j1, jo) = max(Aci1, fhet1) — Het1- (4.9)

3This RSK correspondence is the most classical one, based on row insertions. It would be interesting to see if
the other three bijections (column insertion, dual row insertion, dual column insertion) can be derived from the
Yang-Baxter equation in a similar way.
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Substituting (4.8)—(4.9) into the ks-identity (4.7) and cancelling v, and sy gives

Vet1 = max()\C_H, HC—H) + min()\c’ Nc) — X,

which is precisely the toggle (4.2) for ¢ > 1.

The case ¢ = 0 is slightly different, because here each Yang—Baxter cross carries the free input
(an element of the integer input matrix for the RSK). This input matrix is encoded by the N x N
grid as in Figure 15. Assume that we need to insert the cross R;, ,,, 1 < a,b < N, through the
zeroth column of the grid which carries infinitely many vertical paths. Let this cross carry the
parameter kq, € Z>o. Assume that the input arrows to R, ,, are iy and j;, see Figure 17, and
kqp = min(ky, k2). This means that

k1= ke + maX(O, 11 — ig), ko = kqp + maX(O, 19 — il).

00 00
i1 i e (1] — 1] 1] em—— ! H1 — 1
2 1
00 = 00
. k1 . [
12 e — )\1 — ) e — 2 A\ — 1
00 00

Figure 17: Dragging the cross through the zeroth column.

After dragging the cross, we have k}f = v; — p; and k§ = v — A;. Comparing the weights on
the left and on the right in Figure 17, we see that

V1 = kqp + max(Ay, p1),

which does not depend on the incoming occupations %1, is.
Thus, the data k,, = min(ki, ko) at each cross Ry, 4, in Figure 13 is exactly the RSK input
matrix. This completes the proof of Proposition 4.4. O

Figure 18 fixes the input matrix M of the running example and its biword. Figure 20 illustrates
the resulting correspondence step by step, with the bumping cascades on the RSK side matched
to the path hops on the seam of the vertex model. Figure 19 displays the growth diagram of the
same input matrix.

o (1) g (1) 1 112 213 3 b — recorded in Q
11 0 1 3|12 2|1 2 a — inserted into P
entry mp,: row b, column a biword: my, copies of (2) in lexicographic order

Figure 18: The input matrix M of the running example and its biword. The top row of the biword
(the b’s, red) is recorded in @, and the bottom row (the a’s, blue) is inserted into P.
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%) %) %) %)

Figure 19: The growth diagram for the 3 x 3 input matrix of Figure 18; the top and right boundary
chains are the P- and @-chains. In the shaded cell, the corners play the roles » = (1), A = (1),
w = (1) in the local rule (4.2) with k£ = 2, which yields v = (3).

5 Deformed weights and particle systems

This section is optional and may be skipped on a first reading.

5.1 The ¢-Whittaker case and ¢-PushTASEP

Replace the Schur weights of Section 4 by their ¢-Whittaker deformation: the up-right weight W
(2.2) and the corresponding down-right dual W*.* The Yang Baxter equation (1.9) persists, with
a g-deformed cross ]R;(gz), in place of (1.8). The cross is the unique (up to scale) solution of (1.9);
it obeys the same arrow conservation i; + jo = ji + i2 as (1.8), depends on z,y only through the
product xy, and degenerates to (1.8) as ¢ — 0. Its entries include

@ (0. 0- NG (@ 0.0V — (o
Rl’ y(()? 07 m? m) - b Rx y(m7 mﬂ 07 O) - (q7 Q)m
’ (¢ )m ’
RO(LL1L ) =ay+q,  RO1,21,2) =RO(2,1;2,1) = ay(1 +¢) + ¢, (5.1)
RW(2,21,1) = (1—¢*)(zy+a+¢*), RY(2,22,2) = (2y)* +2ayq(l +q)* + ¢*,
and in general it is the regularized terminating 2 series
L (q;q)j o q—l2’ g i qi1+j2+l
Ré,;(hdl,w,h) = Listjo=ji+is —(q; s (q;lq)- (zy)2 951 g iz q, Ty ) (5.2)

where 97 is the regularized terminating series (2.11). Written out, the g-deformed cross is the
finite sum

R (i1, j13 2, j2) = Liytjomjs +i _ @0y
o TR (q39)), (¢ q)'

i2 —i9. —i1.
% Z aq »Q)k (q 14ja—io+k.
k

(i1+j2+1)k (xy)isz‘ (53)

$Q)io—k q

“The dual is the g-analogue of (1.7), W* (i1, j1;i2, j2) = % Ligtjy—is o Lin>ip Y72 Bi]q The scalar prefactor

(¢;9)i,/(g;q)iy is a gauge on the vertical edges.
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RSK row insertion
insert the a’s into row 1; bumped entries move down a row

batch b =1
step 1 P
insert 1
step 2
insert 3
batch b= 2
step 3 P
insert 2
step 4 P
insert 2
batch b= 3
step 5 P
insert 1
step 6 P
insert 2

H‘-H

»[1]5]

e [1]

2
\
1)2 Q1)1
B 2
i
1]2[2] Ql1]1]2]
3 2
1
A
L1]2] Q 1]2]

WO | —
[eorad

BE

2
1\2 Q

SEIE]

1
2
3

1
2
3]

final output: sh(P) =sh(Q) =X = (4,1,1)

O new box

changed by bumping [ recorded in Q

vertex model: full state after each step
blue W block = current P,

PAREN

)

&

edges changed at this step: one jog per bump in P, a single hook for @

Figure 20: RSK insertion and the Schur vertex model running in parallel on the input matrix M of
Figure 18. After each step, the blue block (rows x4, weights W (1.6)) encodes the current P, and
the red block (rows yp, weights W* (1.7)) encodes the current ). The blocks are glued along the
seam carrying the common shape A in the column coordinates (1.5). A new box in row r of A moves
one seam path from column r —1 to column r (dashed arcs). Shaded corridors mark the edges that
change at each step — the trail of the cross R, ,, being dragged in the proof of Proposition 4.4:
the blue corridor enters at row x, and jogs once per entry bumped in P, while the red corridor is

a single hook at row yp, as @ only gains one boxp

red W* block = current Q
glued at the seam = current shape \

row yi <> strip

(2)/2

TOW Y2 + strip

(3,1)/(2)
A=(2,1)
A= (3,1)

Tow Y3 > strip

(4,1,1)/(3,1)
A=(3,1,1)
A=(4,1,1)

box added in row r <= a seam path hops r — 1 — r



Remark 5.1. This ¢-deformation of the benign expression (zy)™*(?272) in (1.8) may appear con-
trived, but it is required to satisfy the Yang—Baxter equation. There also exists a further spin
deformation, see [BMP21], [MP22].

Remark 5.2. The sum over the outputs of the cross is independent of (i1, j1):

o 1 .
Z Rgz)/(h,]l;w?h) = (1167) for every (i1, 1) (5.4)
io.jo Y5 q)oo

For (i1, j1) = (0,0) this is the (infinite) ¢g-binomial theorem

(zy)™ 1
mzzo(q;q) B

m (@Y @)oo

This identity is the g-Whittaker Cauchy kernel. For ¢ = 0, it reduces to the geometric series
> a>0(@y)® =1/(1 — xy) which appeared throughout the Schur case.

Let us apply the bijectivization in the same setting as the one which produced the RSK corre-
spondence in Section 4.2.

In the bulk the g-deformation turns the deterministic move of Lemma 4.2 into a random
coupling: ki, k] still range over the equal-length intervals (4.5), but the summands (4.4) now
carry g-binomial factors, so only the two sums (and not the individual summands) match, and so
p™d(k; — k) must spread the probabilistic mass.

However, at the leftmost column the bijectivization is unique. There the cross pushes its
arrows into the system through the reservoir of infinitely many vertical paths, see Remark 1.11 and
Figure 13. The vertex weights with infinitely many vertical arrows do not depend on the incoming
horizontal occupation: W (oo, j1;00,j2) = 272/(q;q);,, the g-deformation of Remark 1.11. Hence,
in the Yang—Baxter equation with 41,75 fixed, we may sum over the internal occupations k1, ko in
the left-hand side of (1.9), and by (5.4) that side collapses to a single term:

1 g2y A o
= D R (K5, k1 fas 1) (5.5)
(@y; D)oo (405> (43 9)i kzk: (@0 (caw "0

12

Note that both sides are independent of the fixed i1,72. A bijectivization of an identity with a
singleton on one side is unique (Section 3). Under it, the pair (k}, k%) is drawn with probability
proportional to its weight in the right-hand side of (5.5).

Let us use the symmetry

Hh b
(@ Dy (@5 D)y

T2 yjl

R (Ky, kY; g2, 1) = ——————
L (¢ D)j2 (4:9)5,

R (ja, 51; K, K))
of the g-deformed cross, and denote these probabilities to pick (k], k5) by
Rgc({z);(ila.h; i2, j2)

S R Gy iy, )

1252

Ly (i1, j1; 92, j2) = = (2y; @)oc RYY) (i1, j1; B2, J2). (5.6)

We have LLy 2 0 and Zi%]é Lx7y(i1,j1; ig,jg) = 1.

Let us explain a connection to particle systems. Applied across the lattice, the moves L, , grow
a field {)\(x7y)} of Young diagrams on the quadrant Zng — the g-Whittaker process — whose first
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parts )\gx,y) encode the particles of the (discrete-time) q-PushTASEP of Matveev—Petrov [MP17,
§6.3] (the s = 0 case of the ¢-Hahn PushTASEP of Corwin-Matveev—Petrov [CMP19]). The four
diagrams at the corners of a unit cell,
e =AY = \EHLY) = ), = Nyt

obey the local rule which randomly picks v based on p, s, A and an integer k (the analogue of the
RSK input kg from the proof of Proposition 4.4). Thanks to the unique bijectivization at the
zeroth column, the evolution of the first parts of the partitions is marginally Markovian, governed
by the stochasticized cross Ly (i1, j1;%2, j2) with

(11,71) = (M — 221, 1 —221), (i2,72) = (1 —p1, v1—A1), i1+J2 = ji+ia =vi—2. (5.7)

The first coordinate of the field plays the role of time, t = x. The update (5.7) involves only the

first parts, so the array ()\gt’j )) evolves as a Markov chain in ¢, which we describe as a particle

Jj=1
system. Set ‘
piity:=x" 14 =1, PR=o0. (5.8)

By the interlacing, Py < Pi(t) < P(t) < ---, and the particles move to the right, pushing one
another. One step ¢ — ¢t + 1 updates them in order j = 1,2,...: given the move £ of P;_; and the
gap g = Pj — Pj_; — 1, the particle P; moves right by L with probability L, ,(g,¢; g+ L — ¢, L).
Indeed, the four counts inside L, , in the latter expression can be matched to (5.7) for the cell
with the lower left corner s = A#7=1) with the outgoing pair (¢g+ L — ¢, L) recording the new gap
and the jump. In particular, the leading particle P; receives “push” ¢ = 0 from the frozen Py and
jumps g-geometrically,

(zy)
()’
independently of the gap g. The dynamics preserves the order: L, , = 0 unless L > ¢ —g,so{ > g
forces a push.

Lzy(9,0; g+, €) = (2y;¢)oo (5.9)

A continuous-time limit of the ¢-PushTASEP (as zy — 0 and the time step is rescaled propor-
tionally to (xy)~!) produces a simpler dynamics introduced in [CP15]. Under the continuous-time
g-PushTASEP, each particle carries an independent exponential clock; when it rings the particle
steps forward by one and, with probability ¢¢ (with g the gap to the next particle ahead), instan-
taneously pushes that neighbor forward by one as well, the push cascading down the line. At ¢ =0
the push probability is 1 across a zero gap and 0 otherwise, so a jump shoves the whole block of
adjacent particles ahead by one. That is, for ¢ = 0 we get back the classical PushTASEP.

5.2 Hall-Littlewood: a row-indexed RSK and the six-vertex model

The Hall-Littlewood weights (2.1) — the ¢t-deformation of the higher-spin model of Remark 1.4 —
carry a randomized bijectivization parallel to the ¢-Whittaker one of Section 5.1. The horizontal
edges in the Hall-Littlewood case have capacity one (j1,j2 € {0,1}), while the vertical edges stay
unbounded (i1, 42 € Z>0). Read along the rows of the growth diagram rather than its columns, the
insertion is indexed by rows, and, as we now explain, its scalar marginal is the stochastic siz-vertex
model rather than the ¢-PushTASEP.
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Recall the vertex weights entering the Hall-Littlewood Cauchy identity (2.3). The up-right
weight is (2.1), in formulas

1, (j17j2) = (070)7
. x, (j17j2) = (17 1)7
W (i1, j1; 12, =1, 15 miptis X 5.10
(1, J1; 72, J2) |1 =2+ L (1. da) = (1,0), (5.10)
l’(l—t“), (jlij) = (071)7

whose N-row partition function is Py(z1,...,2n;0,t) (Proposition 2.1). The y-side of (2.3) carries
the functions @y, whose branching rule differs from that of Py: the factor 1—¢" is attached to a path
entering a column of multiplicity m rather than leaving it [Mac95, Ch. III, §5]. Accordingly, the
down-right weight (the analogue of the reflection (1.7), with the conservation law is + j1 = i1 + j2)
is

1? (j17j2) = (070)7

L Y, (jl,jZ) = (171)3
W* (i1, 51512, 72) = Liogis—is4iy X 5.11
(1,082, 32) = V=i X 4 | i (5, 3) = (1,0), >4y

Y, (jlan) = (07 1)

Gluing N rows of each model along a common boundary A, as in Figure 11, produces the vertex
model for the left-hand side of the Cauchy identity (2.3).

The Yang-Baxter equation (1.9) with the weights (5.10)—(5.11) has the unique (up to scale)
solution

1—txy
R(" (0,0;0,0) =1,  RY(1,0;1,0) =R, (0,1;0,1) = T RY (1,1;1,1) = ¢,
(1-1) L (5.12)
R (0,0;1,1) = =Y RO (1,1;0,0) = ——.
x,y(a P ) 1_xy ) x,y(a ) Yy ) ].—.’Ify
Like the ¢-Whittaker cross (5.2), it depends on z,y only through the product zy.
Remark 5.3. All row sums of the cross coincide (cf. Remark 5.2):
YT 1—txy .
Z Ry (i1, J1s i2, j2) = 1 for every (i1, j1), (5.13)

— X
7:27j2€{071} y

which is the building block for the Hall-Littlewood Cauchy kernel.

Dragging the N? crosses in),yj through the lattice exactly as in Section 1.5 yields the Yang—

Baxter proof of the Cauchy identity (2.3). This Yang—Baxter proof is essentially the same as the
one in [WZJ16], [Borl7], and can be traced back to [Tsi06].
Stochasticize the cross as in (5.6),

1—xzy

LY (i1 2, 2) = T R (i1, 2, 32), (5.14)
and abbreviate
1—ay 1—ay
b = , by =1 =tby, 0<by <b <1. 5.15
=g tzy 2 1—tay 1 2 1 ( )
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The six transition probabilities become

)

(0,0;0,0) = by, L (0,0:1,1) =1 — by, (5.16)

(

H“(t) (1,0,1,0):Lt)y( 71 )_L
(

L® )
:r:y Y
LY (1,1;1,1) =by, L (1,1;0,0) =1 — by.

z,

Figure 21, top row.

As in the ¢g-Whittaker case, at the leftmost column the bijectivization is unique. With the
reservoir weights W (oo, j1;00,j2) = 272 and W*(oo, ji1;00,72) = y’2 (Remark 1.11; the factors
1 —t>° =1 disappear), summing the Yang—Baxter equation over the internal occupations collapses
its left-hand side to a single term, and the analogue of (5.5) reads

LTI ey = S kM R (K Mo ) (5.17)

1—=x
Y K K, E{0,1}

The same symmetry of the cross as in the g-Whittaker case identifies the resulting unique coupling
with L, (5.14).

Dragging the crosses through the Hall-Littlewood Cauchy lattice — the construction of [BP19]

— grows a field {)\(m’”)} of partitions on the quadrant, with A" distributed as the Hall-
Littlewood measure

Prob(A) o< Px(21, ..., 2n;0,t) Qx (Y1, - - -, Ym; 0, 1), (5.18)

the t-analogue of the Schur measure. Along any down-right cut the field is the Hall-Littlewood
process, the t-deformation of the Schur process [OR03]. In the bulk the coupling is randomized
(as in Section 5.1), while at the leftmost column it is the unique (5.17). Around a unit cell with
corners ¢ = A7)y = \(mALn) -\ — \(mntl) ) — A(m+1n+1) the stochasticized cross ]L;(E,z+1 T
governs the lengths of the partitions:

(i1,51) = (6A) = £(50), £(p) — L)), (iz,52) = (€(v) — L), L(v) — L)), (5.19)

with i1 + jo = j1 +i2 = ¢(v) — €(>¢). This is the row-indexed counterpart of (5.7), with the first
parts A\; replaced by the lengths ¢(\) = A} (cf. Remark 1.10). In particular, the array of lengths
— equivalently, of the numbers of zero parts mo(A™"™) = n — £(A(™™)) — evolves in a marginally
Markovian way.

To recognize this marginal, recall the stochastic six-vertex model [GS92], [BCG16]. The gen-
eral six-vertex model on Z? has six admissible arrow configurations around a vertex, weighted
ay,az,by,be,c1,c2 > 0 (see Figure 21, bottom row, and [Bax07]). The weights are called stochastic
[GS92] if

ar =as =1, b1 +c1=bs+co =1, b1,by € [0,1]. (5.20)

Then the weight of each vertex is the conditional probability of its outgoing arrows (through the
top and the right) given the incoming ones (from below and from the left), cf. Figure 1, and the
model in the quadrant Z2, is sampled by a Markov chain, vertex by vertex along the successive
diagonals {m + n = const}. Impose the infinite domain wall boundary conditions: a path enters
from the left at every row, and no paths enter through the bottom. The height function is

H(m,n) #{up right paths passing strictly to the right of (m, n)} 0 < H(m,n) <n,
(5.21)
see Figure 22 for an illustration.
The next statement is proven in the same way as its g-Whittaker counterpart from Section 5.1:
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/ N : N\ N\
/ / /

(1,0;1,0) (0,1;0,1) (0,0;0,0) (0,0;1,1) (1,1,1,1) (1,1;0,0)
+> D r>
ay ao by C1 b2 C2
1 1 b1 1—b; by 1—bs

Figure 21: Top row: the six states (i1, j1;%2,j2) of the stochasticized cross L% (5.16) (blue = the
P-line carrying z, red = the @Q-line carrying y; dotted = empty). Bottom row: the corresponding
vertices of the stochastic six-vertex model, in the standard order a1, as, b, c1, b, co.

Figure 22: A configuration of the stochastic six-vertex model in the quadrant with the infinite
domain wall boundary conditions, and several values of the height function (5.21).

Proposition 5.4 ([Bor18], [BBW16], [BM18], [BP19]). Under the Yang-Bazter field {\(™™} con-
structed from the bijectivization of the Hall-Littlewood Yang—Baxter equation, the array mo()\(m’”))
evolves as the height function of the stochastic siz-vertex model in the quadrant with the infinite
domain wall boundary conditions, with by,by given by (5.15) under xy ~» x,ym at the coordinate
(m,n).

In the Poisson-type limit around the diagonal (zy — 1, so that b;,be — 0 with the ratio
by /by =t fixed by (5.15)) the six-vertex model degenerates to the ASEP with left and right jump
rates t and 1 [BCG16] — the row-indexed counterpart of the ¢-PushTASEP produced from columns
in Section 5.1. At ¢t = 0 the Hall-Littlewood weights (2.1) become the Schur weights (Remark 1.4),
and the height field reduces to the corresponding Schur-measure observable. The particle system
along the diagonal becomes the continuous-time TASEP.

6 Further directions

As we saw in the previous sections, it is fruitful to read the Yang—Baxter equation as a probabilistic
normalization identity between two random configurations, not only an algebraic one. Dragging
a cross through a lattice gave the Cauchy identity (Section 1.5), RSK and its deformations (Sec-
tions 4 and 5), and their particle-system marginals. Below, we outline a few more ways in which a
probabilistic reading of the Yang—Baxter equation has been fruitful in recent research.

6.1 Stationary measures via the forgetting property

Sending the number of arrows carried by one line of a stochastic vertex model to infinity turns
that line into an inexhaustible reservoir that “forgets” how many arrows entered, so its output
is independent of its input (we saw this first in Remark 1.11). Then, the Yang—Baxter equation
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allows one to exchange this infinite line with another, finite stochastic line (encoding the evolution
of a particle system). Since the distribution before and after applying the stochastic line is the
same, such “reservoir measures” are stationary for particle systems. This approach was used to
construct stationary measures for the colored ASEP, the colored ¢g-Boson process, and the colored g¢-
PushTASEP, on the ring and in the quadrant [ANP25]. For a single color the quadrant construction
is due to [Aggl8|.

The reservoir weights are a lattice form of the multiline queues [FMO07], [Mar20], and the under-
lying single-color Burke property appeared earlier for directed polymers [OYO01], [Sep12]. Station-
ary measures for multiclass particle systems were described in terms of the Matrix Product Ansatz
[FMO5], [FMO09]. The stationary measures tie to nonsymmetric Macdonald polynomials [CAGW15],
[CMW22], [BW22b], [BW22a] and, for the colored g-Boson process, to modified Macdonald poly-
nomials [AMM?22], [AMM23].

6.2 Symmetry in the spectral parameters: parameter permutation and time
reversal

The partition functions of Sections 1 and 2 build symmetric polynomials one row at a time, feeding
in the spectral parameters in a fixed order; that they come out symmetric is a corollary of the Yang—
Baxter equation, since an R-cross (of a different form than the ones we use here) dragged through
two adjacent rows interchanges their parameters while fixing the partition function. Bijectivizing
this single swap turns the symmetry into a local Markov move on semistandard Young tableaux
of a fixed shape: the move preserves the partition function but carries the tableau distribution for
one order of the parameters to the one for the swapped order. It is a probabilistic version of the
Bender-Knuth involution [BK72].

Iterating this single swap up an infinite interlacing array drags the bottom parameter off to
infinity, and homogeneity turns the residual rescaling into a shift ¢t — ¢t of the process time. At
g — 1 this is a time-homogeneous backward process: [PS22] build a backward Hammersley-type
process with pu; L = p.--4, mapping the fixed-time law p; of TASEP with the step initial condition
to the law at an earlier time e~ "t.

In the multiparameter ¢g-Hahn TASEP each particle z, carries its own jump parameter v,
(coming from the vertex model spin parameter) [Pet21]. For v,41 < v, the swap v, <> v,41 is a
g-deformed beta-binomial redistribution of x,, reproducing the process with the two parameters
swapped at every fixed time. The existence of this swap is due to the fact that the law of z,(t) is
symmetric in vq,...,V,. The same elementary swap degenerates to ¢-TASEP and to the directed
beta polymer, where it becomes a Beta-splitting of two adjacent partition functions. A random
matrix shadow of this probabilistic symmetry was explored in [PT20].

The symmetry lifts from fixed-time marginals to whole trajectories. Indeed, [PS24] constructed
“rewriting history” Markov operators on the space of trajectories of a particle system such as
TASEP. These operators act by resampling a particle’s entire past trajectory while carrying the joint
law onto that of the parameter-swapped process. Dragging to infinity gives the shift intertwiner,
whose continuous limit is a Lax equation ¢t T = [B, T] for the TASEP semigroup T = T(t), with
B the generator of the backward process. The Lax equation has the same form for ¢-TASEP and
TASEP, and differs only in the form of the generator B of the backward process.
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6.3 Shift-invariance and hidden symmetries

The transposition of spectral parameters also surfaces in identities between distant observables,
though the phenomenon is less a transposition than a hidden symmetry that the transposition
merely records. [BGW22] prove that the joint law of colored height functions of the inhomoge-
neous colored stochastic six-vertex model is invariant under moving one observation point up by
one lattice step and raising its color cutoff by one, at the cost of transposing two row spectral
parameters. The identity is nonlocal, as the swapped rows may be arbitrarily far apart. Their
proof is analytic: read the partition function as a polynomial in the spectral parameters and fix
it by Lagrange interpolation at the nodes x; = y;, where the R-matrix at spectral parameter 1
degenerates to a permutation (vertex splitting); Yang-Baxter and unitarity then re-route the split
partition function onto a smaller domain closed under induction. Fusion and analytic continuation
in the spin erase the swap in the homogeneous limit and push the invariance down to the Beta,
Gamma, and O’Connell-Yor polymers, the KPZ equation, and the Airy sheet. The degenerate
specialization of this invariance is the color-position symmetry [BW22a], [BB21].

The cleanest formulation [Gal21] is a single flip invariance of the partition function (a 180°
rotation of the boundary data with reversed row spectral parameters), of which the shift is a
composition of two flips. Even this proof is algebraic, identifying the model with the Yang-Baxter
basis of the Hecke algebra; independent proofs are given in [Dau22|, [Zha23]. The two sides of a
flip carry equal numbers of configurations, yet the weights match only in aggregate. It would be
interesting to find useful couplings of the two sides, as we have done for the Cauchy identities in
these notes.

6.4 Markov duality

Markov duality extends the integrable structure to the dynamics of observables of particle systems
coming from stochastic vertex models. The symmetry at work is now the co-product rather than
the spectral parameter: the stochastic Markov generator of a particle system commutes with the
Ug-action, so a duality function D(n,§) intertwines the generator with its space-reversed transpose,

Ey[D(ne, )] = Ee[D(n,&)]-

The whole hierarchy of integrable particle systems (ASEP, the stochastic six-vertex model [Lin19],
¢-TASEP [BCS14], the higher-spin vertex models [CP16], and their dynamic/elliptic deformations)
admits dualities falling out of the Yang—Baxter equation. Namely, D can be built as a matrix
element of the universal R-matrix: a row of vertex weights for an auxiliary line adjoined to the
lattice [KZ23].

Two regimes should be distinguished. Triangular dualities build D from raising operators on
the reversible measure [Sch97], [GKRV09], [BS18], [Kual8]; they collapse a k-point g-moment of
the height function to a closed evolution of k dual particles, solved by nested contour integrals (the
engine behind the exact one-point laws) but they return moments rather than the law, so recovering
a distribution still needs a (frequently ill-posed) moment problem. Orthogonal-polynomial dualities
[KZ23] instead take D orthogonal with respect to the reversible measure; the orthogonality gives di-
rect probabilistic access — Boltzmann—Gibbs principles, correlation identities, even Tracy—Widom
asymptotics — without routing through moments.
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