
ART-2022 (MATH 8852)

HOMEWORK 3

Due September 27, by 2pm — hard copy or email accepted
After the homework is graded, you will have 1 week to resubmit a corrected and revised version

E-mail: leniapetrov+art2022@gmail.com
Course webpage: https://lpetrov.cc/art2022/

1.

Consider the measure Mn on the set Yn of Young diagrams with n boxes defined by

Mn(λ) =
(dimλ)2

n!
. (1.1)

Here dimλ is discussed in Homework 2.

(1) Show that Mn(λ) is a probability measure, that is, the weights (1.1) sum to 1 over all λ.
(2) Show that {Mn}n≥0 is a coherent system on the Young graph (see Lectures 5-6).

Hint: for (2), use problem 2 in Homework 2.

2.

Recall that in the Young graph, we say that λ, µ are adjacent if |λ| = |µ|+1 and λ is obtained
from µ by adding a box. We write λ = µ+□, or µ = λ−□, or λ ↘ µ, or µ ↗ λ.

Show that:

(1) Given a vertex λ ∈ Yn, the number of adjacent vertices on the next level n + 1 is equal
to the number of those on the preceding level n− 1 plus 1.

(2) Let κ and λ be two distinct vertices on the same level Yn, n ≥ 2. Then there exists at
most one vertex µ ∈ Yn−1 adjacent to both κ and λ, and at most one vertex ν ∈ Yn+1

with the same property. Moreover, µ exists if and only if ν exists.

3.

In the context of the previous problem, let V = ℓ2(Y) be the linear space with basis {λ}λ∈Y
indexed by all Young diagrams. Define the following two linear operators on V :

Dλ =
∑

µ=λ−□

µ, Uλ =
∑

ν=λ+□

ν.

Compute the commutator [D,U ] = DU − UD.

4.

Prove that a Hausdorff topology in a linear vector space defined by a countable set of semi-
norms is always metrizable. Conclude that the topology of pointwise convergence in the space of
functions on a countable set is metrizable.
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5.

Here and in the next problem we sketch a different proof of the hook formula

dimλ =
|λ|!∏

□∈λ h(□)
, (5.1)

see problem 3 in Homework 2 for the definition of the hook and the hook length. Since we know
that dimλ satisfies the recurrence

dimλ =
∑

µ=λ−□

dimµ,

we will show how to prove that the right-hand side satisfies the same property.
Let µ = λ−□. Using the right-hand side of (5.1), compute the ratio dimµ/ dimλ as a product

over some of the boxes of the Young diagram µ.
(The fact that the sum of these ratios is equal to 1 over all µ = λ−□ will imply (5.1))

6.

Consider the following random hook walk. Start with a Young diagram λ with n boxes.
First, pick a box □1 inside λ uniformly at random.
Then, form a hook of □1, and pick a box □2 ̸= □1 uniformly at random from this hook.

Continue the process iteratively by picking each new box □j ̸= □j−1 from the hook of □j−1

uniformly at random.
The process eventually (after a finite number of steps) will converge to a box□∗ at the boundary

of the Young diagram λ.
Denote µ = λ − □∗. Show that the probability that the process reaches this box □∗ = λ − µ

is equal to
dimµ

dimλ
.

Conclude that (5.1) holds.
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