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AcvMnToTUKA

CAyuanHbie nepecTpomnku
KaK MapKoBCKue
onepauuu

MoaeAn cAyHamHbIX 3aMOLLEHUM

O630p: KaK BbIFAAAAT CAyYalHble 3aMOLLEeHNA BOAbLLNX

MHOFOYrOAbHNKOB

Kak prcoBatb KapTUHKK?
BepoATHOCTHOE NPOCTPaHCTBO
MapkoBcKkue onepatopsl

CXOAMMOCTb MapKOBCKOM Lenu K CTaunMoOHapHOMY

pacnpeaeAeHnio

SAeMeHTapHble NPUMepbI

ObpaTMMOoCTb, ypaBHEHME AeTaAbHOrO baraHca
[pnAo>KeHMe K 3aMoLLEeHNAM

[AnaybepoBa aAnHaMMKa B PaBHOMEPHOM CAyYae

F/\ay6epOBa AVMHAMWKa B NMNapaMeTpn4eCKkoOM CAyHae
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Mbl ByaeM paccMaTprBaTb ABE BEPOATHOCTHbIE CUTYaLUN:
PaBHOMEPHYIO 11 MapaMeTpuJecKylo. 3adukcrpyem
NMMAOOBPa3sHbIM MHOFOYroAbHUK (HanpuMmep,

LLECTUYTOABHWMK), U PAaCCMOTPUM BCE €ro 3aMOLLEHUA.

B paBHOMepHOM Mopean M, pasbirpaem cayvanHoe
3aMolleHne paBHoBepoATHO cpeamn Beex: M () = Z rae
Z - cTaTCcyMMa, HOPMUPOBOYHaA KoHCTaHTa. Mbl ee

CHNTaAWN:

® AAS LLECTUYTOAbHMKA, OHa AaeTcA GopMyAomn

MakMaroHa

® AAA NMAOODBpPa3HOM ODBAACTU C BEPXHEWN CTPOYKOMN
= >¢,>...>Cy) onapasHa s»(L,1,...,1),4t0

ABHO BbiparkaeTca GOpPMyAOM pasmMepHocTU Benas.




CIIYYAUHDBIE
3AMOLUEHMS

MapaMeTpunueckasa MoAEAb 3aBUCUT OT MOAOMKUTEABbHbIX o g™ x. = ¢!~ 06o3HaueHMe M,

X{, -..» Xy (N - BbICOTa MHOTOYroAbHMKa), 1 OonNpeaeAaeTca
° q‘VOl(”): X; = ql_l, ob03HayeHne Ml,q
BKAA 3aMOLLEeHMsA B MHOrodAeH Llypa

M—(7) =

X

S (Xp5 o5 Xn) ' [MpoLe Bcero ato NOHATb, €CAM HE CMOTPETb Ha BEC BCErO

3aMOLLLEHMA, @ TOABKO Ha TO, Kak NapaMeTpuYecknii Bec
3aech “BKAAA” - 3TO MOHOM

I I I 2 S T 2 B 2 s
xl x2 ...xN
CTaTyMMa - 3TO NpocTo MHOro4YAeH LLypa ¢ nepeMeHHbIMYK

Xiyoony Xnr v
= M;
L

1. NapamMeTpunyeckaa Mmoaesib He

M~ MeHAaeTcA npu aneMeHTapHbIX NepecTponKax:
D, CoOTBEeTCTBEHHO,

2
+

3aBUCUT OT O HOBPEMEHHOM
nepeHOpMUPOBKU NepeMeHHbIX x,

OAHAKO 3aBUCUT OT MX ‘M.., v
nepecTtaHOBKMU %

HacTHble cAyHan napaMeTpudecKkon MOAEAM - MepPbI

X quOl(”), TO €CTb, FA€ BEC 3aMOLLEHNA NPONOPLMOHAAEH g

To ecTb, Npy yBeAMYEHUN ObbeMa BEPOATHOCTHbIN BEC
B CTEMNEeHW MAIOC UAU MUHYC 0bbeM. B Hawmx obo3HavyeHnax

yMHO>kaeTcA Ha X;/x;, ;. VIMeHHO noaTomy B
MoAyYaeMm

reoMeTpnH4eCKnNX Nporpeccnax NnoAyHaeTCA Tak, Kak BblLlle.



Ob30OP
ACUMNTOTUKMU

ACMMNTOTMKa PaBHOMEPHOM MOAEAM XOPOLLIO U3YYEHa, a
napamMeTpmnyecKkow - B OCHOBHOM TOAbKO B g-CAyYae, Aa U TaM CAEAaHO

CUAbHO MeHbLue. B paBHoMepHon Moaean M :

® 3aMopoXKeHHaA rpaHunua - aarebpanyeckan KpmBaa MUHMMAAbBHOM

CTeneHu, KacaloLaAaca BCEX CTOPOH MAN MPOAOAXKEHU

® [MpeaerbHas popMa TPEXMEPHOW KaPTUHKU MMeeT aArebpanyeckyto

HOPMaAb

® [AobanbHble PAYKTyaLUIi BOKPYT MPeAeAbHOM GOPMbI - rayCCOBO
cBOHOAHOE MoAe (0AMH N3 KOHGOPMHbIX 06beKkToB 13 Aekumn C.K.

CmupHoBa )

® B pelweTtoyHOM nNpeaene B ‘rywe” - akcTpeMaabHaA Mepa Ha

3aMoLeHuAax (MoCTOAHHOM MAOTHOCTM) BCEN NMAOCKOCTU
® Ha rpaHuLe BOKPYr 3aMOPOXEHHOM rPaHnLbl - KpuBble Dpwn
® Flie 6bIBalOT 3aMeLLEHUA C AbIPKaMU. ..

B aTOM Hayke eLle o4eHb MHOIO HeAOKa3aHHbIX TMNOTe3, M MOYTU

HU4Yero He N3BECTHO AAA ObLen napameTpudeckon moaean M—.
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B cAayvae wectnyroAbHMKa C paBHOMEPHOW Mepowu,
3aMOPOXEeHHanA rpaHMLa - 3TO MPOCTO BANCAHHbIA SAAUNC.

7 +
B cAyuae wecTuyroabHuKa ¢ Mepoit gV saannc

AebopMupyeTca (MAK, 4TO TO »Ke caMoe, 3annCbiBaeTCsA B

HOBbIX 3KCMOHEHLMAAbHbIX KOOPAMHATaX), U MOAyYatoTCA
durypbl TMNa TaKl/IX



KAK PUCOBATD
KAPTURIKMNU?

Kak HapMnCoBaHbl MHOTOYNCAEHHbIE KAPTUHKN B 3TOM KOHCMeKkTe?

Oka3sblBaeTcs, 3aMoLLeHUN paHHOM Boabwon dopmbl OYEHD.
MHOTO. Hanpumep #9Q, 4 4 = 232,848, #Q, 10 1o & 9.26 * 107,
#C202020 ~ 1.6 * 1013 To ectb, npocto nepeuncants Bee
3aMoOLLleHNA 1 BbibpaTb CpeAn HUX OAHO Hayraa (ara M) Bpaa an

yAacTca.

Ha nomowwb npmuxoaaT uenu MapkosBa. A nMeHHO, BMeCTo TOro,
4YTOObl NepebnpaTb BCEBO3MOXKHbIE 3aMOLLEHMA, byaseM
nepebupaTtb 3aMOLLEHNA CAYyYarHO. HauHeM ¢ Kakoro-HMbyab
(HanpumMmep, ¢ "nyctoro”), n byaeM CAy4aHO ero MeHsATb,
AODaBAAA UAM yOnpaa Kybmnku. OKa3biBaeTcsA, 38 OTHOCUTEAbBHO
HeboAbLLIOE YncAo Wwaroe (nopsaka max{a, b, c}* ans
LLIECTUYTOABHVIKA) TO, 4TO Mbl OBYAEM BUAETD, MOYTU COBMAAET C

KEeAaeMbIM pacrnpepeneHNeM.

Ncnoab3ys 6oaee xutpoii coupling from the past, MoXxxHO

NOAYYNTb TOYHYHO BbIDOPKY M3 MCKOMOIO pacnpeAeAeHUs.

ObcyaVM, KaK HaAO CAYYaMHO MEHATb 3aMOLLEeHNE.



https://arxiv.org/abs/1310.5844
https://arxiv.org/abs/1310.5844
https://en.wikipedia.org/wiki/Coupling_from_the_past
https://arxiv.org/abs/1310.5844
https://arxiv.org/abs/1310.5844
https://en.wikipedia.org/wiki/Coupling_from_the_past

BEPOSITHOCTHOE
NPOCTPAHCTBO

(KoHe4yHOe) BEpOATHOCTHOE NPOCTPAHCTBO - 5TO ® B cayyae napameTpuyeckon moaean, p(w) = M—(w) yxke

HekoTopoe KoHeuyHoe MHoxecTBo W = {w}, n dyHKkumA 3aBUCUT OT 3aMOLLEHNA W, Kak BbIAO ONPEASAEHO BbiLLE.

p: W — [0,1], Ha3biBaeMas BEPOATHOCTBIO VA

. . Tenepb Hawa 3apaya - pa3obpaTbCA C MAPKOBCKUMM
BEpPOATHOCTHOM MEPOM, TaKas, 4To Z p(w) = 1. Mol

W onepatopaMm, KOTOPbIE MOAEANPYIOT CAyYanHble

MbICAVM ce6e, 4TO W KOAMPYET Pe3yAbTaT Kakoro-To nepecTponknM 3aMOLLEHNN. (DOpMa/\bHOG onpeaeneHmne

9KCNEPUMEHTA, N PE3YALTAT 3TOT CAYHaMHbIW. Takoe.

® [lycTb eCTb MOHETKa C BEpPOATHOCTbIO BbIMAAEHNA OPAa P

n pewkn 1 — p. BepoatHocTHoOe NpOCTPaHCTBO AAA ABYX MapkoeckumM onepatopom T Ha npoctpancree W

bpocaHnM MOHETKU UMeeT BU
P A HasbiBaeTcAa MaTpuua T(w,w'), w,w' € W, c

1 E HeOoTpMnuaTeAbHbIMMN SAEMEHTaMIN, N TaKaA, 4TO
by o koo Liap\ PoY. £7 P

Z T(w,w') =1 ana kaxpaorow € W.
1 w'eWw

/9("‘)) \ /02 /ﬂ/”/) f(#/) ( /-—f) (MiHoraa Tak»ke rosopAr “ctoxactndeckas matpuua”)

MapKOBCKIMIM onepaTop AEUCTBYET AMHEMHO Ha

® [lyctb W - MHO>XeCTBO BCEX 3aMOLLEHUN
BEPOATHOCTHbIX Mepax p, TO eCTb, MEHAET BEPOATHOCTb.

LLIEeCTUYroAbHMKa €2 a p(w) cooTBeTCTBYET,

a,b,ct
Hanpumep, M (To ecTb, p(W) oaAnHaKoBO AAA BCEX

3aMOLLEeHUNIN).



MAPKOBCKHUE
OMNEPATOPDI

[lycTb p - BepoAaTHOoCcTHaAa mepa Ha Wun T - MapkoBckum
onepaTtop. Toraa onpeaeAM APYryto BEPOATHOCTHYIO

mMepy pT Tak:

pT(w) = Y pw)T(w', w).

w'eWw

3. pT - TOXe BepoOATHOCTHAaA
Mepa

Ecan npeacTaBuTb cebe AAryLKy, KOTopaa CAyHanHO

/
npbiraeT no npoctpaHctey W, nyto T(w, w’) - BepoATHOCTb
NPbIrHYTb B W' 13 W, TO cMbIcA pT Takown. [TycTb AdryLika
CHa4vaAa Bblbpana cebe MeCTo COrAacHO p, M MOTOM
npbirHyAa no npasuAy 1. Toraa pT' - aTo HOBOE

pacrnpeAeAeHme AAryLKM NOCAE MPbIXKKa.

PaccMoTpuM nprMepbl AAR NPOCTPaHCTBa Npo 2 6bpocaHuA
MoHeTKW. [lycTtb T - war, oTBevaowmm nepebopy BTOPOWM
MOHeTKM, a Nnpw T, Mbl CHa4yaAa BbIOMpPaeM MOHETKY
CAyYanHo ¢ BepoAaTHocTbto 1/2, n noTom ee
nepebpacboiBaeM. MaTpuubl OyayT Takmne (CTPOKK m

cToABUbl HyMepytoT KoHpurypaumm OO, OP, PO, PP):

(p 1-p O 0O )
T1:= [P 1P O O
© 06 p 1l-p
\ O (0] p 1-p)
(p (1-p)/2 (1-p)/2 0]
. |p/2 1/2 0 (L-p) /2
T lp/2 0 1/2 (L-p) /2
. 0 p/2 p/2 1-p

4. PacnpeneneHue nArywKku nocne n
NPbIXXKKOB nMmeetr Bupa pl”, rpe 1" -

cTeéneéHb MaTpulbl.

)

)



CTAUUOHAPHOE
PACNPEDEMNEHNUE

EcAm AArylwika npoiraeT AOAro, TO OHa MOXeT 3abblTb CBOE

Ha4YaAbHOE€ COCTOAHNE, N €€ PaClpeAeNeHNEe CXOANTCA K

Tak Ha3blBae@MOMY CTaLlMOHaPHOMY P, TAE

pstT = pst'

2TO AMHENHOE OAHOPOAHOE ypaBHEHME, KOTOPOE B
3aBNCUMMOCTU OT CTPYKTYpPbl T MMeeT OAHOMEPHOE NAN
boAee MPOCTPaHCTBO peleHui. /13 pelnerHnn
OAHOPOAHOIO ypaBHEHMA Mbl BbIOMpPaeM Te, AAA KOTOPbIX
CYMMa 3AEMEHTOB P, PaBHa epmnHuMLEe. TaknM obpas3oMm, Mbl
NOAYyYaEeM OAHY MAKM DOAbLLIE BEPOATHOCTHYIO Mepy. Takue

Mepbl P, Ha3blBAIOTCA CTALLMOHAPHDbIMMW.

[locMoTpuM Ha cTtenernn maTpuy, 17 1 T, AAA KOHKPETHOTO

p =0.3.

9. MaTtpuua 7| MAEMNOTEHTHa,
TO ecTb, B Ntobon creneHu
coBnagaer ¢ coboum

MaTtpuua 75 B OOAbLLIOW CTEMNEHU BbITAAAUT TaK:

0.09 0.21 0.21 0.49
0.09 0.21 0.21 0.49
0.09 0.21 0.21 0.49
0.09 0.21 0.21 0.49

Ecan Bce cTpoukn opmHakoBble (ana T 9To He Tak, a anda 15
TaK), 9TO 3HAYMUT, YTO CTaLMOHapPHOE pacrnpeAeAeHne
eAMHCTBEHHO, M AATYLLKA K HEMY CXOAUTCA. 3aMeTUM, 4YTO
AAA T5 Mbl CXOAMMCA K pacnpeAeAeHUIo ABYX BpocaHuin
MOHETKMW - MOTOMY 4YTO MOHATHO, YTO 3a oAMH war 75 ero

COXpaHAaeT.

B yem npobaema c T}, noyemMy OHO He cxoamTCA?

OkasblBaeTcA, MOTOMY 4YTO OHO He 3aTparvBaeT NepBYIo

MOHETKY, TO €CTb, HE MepeMeLunBaeT NPOCTPaHCTBO.

Ecau uenb “nepeMewuvBaeT” Bce NpPOCTPaHCTBO, TO
CTauMoOHapHoOe pacrnpepeAeHue eAUHCTBEHHO, U K

HeMYy eCTb CXOAUMOCTbD.



ObPATUMOCTD

[lycTb uenb “nepemewBaeT”. Kak Tenepb NOHATb, Kakoe
pacnpeaeneHme byaeT cTaumoHapHbIM? Pewatb ypaBHeHMe
Py I = p,;, MOXET BbITb O4EHb CAOXKHO (BCMOMHUTE, YTO
3aMOLLEeHNIM O4YeHb MHOTO). Ha noMoLb NpunxoaAT
obpatnmble Lenn MapkoBa, AAA KOTOPbIX MPOBEPUTb

CTaLMOHaPHOCTb OYEHb MNPOCTO.

Llenb T Ha3biBaeTCcA 06paTUMOM OTHOCUTEABHO

pacnpeaseAeHuna p,.,., €CAu

PreWT(W, W) = p, (W)T(W', W)

aa scex w,w’ € W. (B dnsmnke aTo cooTHoLWEHME

Ha3blBaeTCA ypaBHeHUEM AeTaAbHoro 6anaHca).

6. lna obpatumomn uenu
umeem p... T =p,...

B utore: ecan uenb “nepemewimBaet” n obpatnma
OTHOCUTEABHO pacnpeAeAeHus p,.,,, TO, Ha4nHana c Aboro
aneMeHTa w € W penaqa MHOTO LIAroB Lenu, AAryLLKa

byaeT pacnpeAeAeHa NOYTU KakK P,

B nprAoXKeHnM K 3aMOLLLEHNAM, Y HacC y>Ke eCTb p,,,, - 3TO

Hawwn mepbl M| nan M—.

3aaada COCTOUT B MOCTPOEHNU MapKOBCKOW Lienn Ha
3aMOLLEHMAX, KOTopaa ‘NnepemMellmnBaeT 1 obpaTrnMa
OTHOCWUTEAbHO P,,,. fReAaTeAbHO, 4TObbI Lenb bblAa
NOMNpPOLLE - Tak ee MOXHO byaeT peaAn3oBaTb Ha
KOMMnbtoTepe. Toraa, Ha4mHaa c AobOro 3amMoLEeHNA
(HanpwuMep, C NyCTOro), N AeAafa MHOTO LIAroB, Mbl MOAYYUM
KapTUHKY, KOTOpaAa byAaeT HEOTAMYMMA OT MICKOMOTO

PaBHOMEPHOro pacrnpeAeAeHmns.

B 3apa4ax ecTb Tak»Ke yAyULIeHne 3TOM UAEU - KaNAUHT 13
npowaoro (coupling from the past) - koTopbii No3BOARET

AOCTUraTb TOYHOM BbIBOPKMK 3a KOHEYHOE (HO CAyYalHoe)

HNCAO LWaros..




TNAY BEPOBA
JARAMUIKA

CocpepoToummca Ha paBHoMepHoM caydae M. Mbl xoTum
NOCTPOUTb (Kak MO>KHO HOAee NPOCTYIO) Lenb Ha

3aMOLLEHMNAX LEeCTUYroAbHMKa L2 TaK, YTOObI OHa

a,b,c
"nepemewwmana” 1 boina 06pPaTUMON OTHOCUTEABHO
paBHOMepHoro pacnpeaeneHna M. ObpaTtmmocTb

O3HayYyaeT, YTO AAA AODbIX ABYX 3aMOLLEHNN W, W' MMeeM

T(w,w") =TW',w) (aenctButenbHo, Beab M, (w) = M;(w")).

[locTponM uenb, KOTOpaa AENCTBYET NO TakMM MpaBUAAM:

® BhibepeM CAyHanHO OAMH U3 BEPTUKAAbHBIX POMOWKOB,

KOTOpPbIE BHYTPWN WLECTNYTOAbHWKA

® BbpocrM MOHeTKY (OpeA MAM peLlKa C BepoATHOCTbO 1/2)

® EcAm opeA v Haw poMbBUK MOXKEeT MOABMHYTbLCA BNPaBo,

TO NOABUHEM ero BnpaBo (“ao0b6aBuM Kybumk”)

® EcAuv pelKka 1 Haw pOMBOUK MOXET MOABUHYTbCA BAEBO,

TO NOABWHEM ero BAeBO (“ybepeM Kybuk")

1. MpoBepbTe 06paTUMOCTD
ANA 3TON uenwu

TaknuM 0bpa3oM, eCAM FHaTb 3Ty LleMnb O4YEHb AOATO, TO
MOAyYUTCA paBHOMepHoe pacnpeaeneHue. Toninelli &
Laslier pooka3zaAu, 4TO YMCAO LLAroB, HEOBXOAUMMbBIX AO

PaBHOMEPHOrO pacnpeAeAeHnsa - NIoOPAAKa YEeTBEPTOM

CTENeHN AMHENHOTIO pa3Mepa MHOTOYroAbHMKa.




NAPAMETPUYECKUN

CJIYYAMU

Ecan BMecTo paBHOMepHOM Mepbl B3ATb M+ (B yacTHOCTH,

+
q—V°1), TO aHAAOTUYHYIO LEeMNb TOXE MOXHO NOCTPOUTb. AAA

3TOro BCNOMHMM COOTHOLWEHME BECOB MNMPn ,A,O6aB/\eHI/II/I/

yAaAeHUUN KybuKa:

M X : i+

lMi’@‘) = o5

Taknm 0b6pa3oM, Mbl XOTUM, YTODbI Ha I-M YPOBHE B

3aMOLLEHMN DBIAO BIMOAHEHO CAEAYIOLLLEE YPaBHEHME

AeTaAbHOTO banaHca:

- T(@-8) M» &)

8. NMpoBepbTe 06paTUMOCTDL
ANA uenu C napaMmerpamMm

DTOro MO>XHO AOCTUYb, ECAU YECTHYIO MOHETKY 13
npeAblAyLLLEN MAPKOBCKOMW LENM 3aMeHNTb Ha MOHETKY,
3aBUCALLYIO OT HOMEepa YPOBHA, U C BEPOATHOCTbIO

"BnpaBo”, paBHOW

Xi

pi=——.
Xi+ Xiyq

+
,A,/\FI q_VOI MOAYHa€EM, 4TO BCE pD; OANHAKOBbIE, N PABHDbI,

1
AAA NAIOC ObbeMa, U
1+g¢ 1+g¢

COOTBETCTBEHHO, ANA

MUHYC 0bbeMa.

[[AaybepoBa AMHaMMKa XOPOLLa AAA PUCOBaHUA KAPTUHOK,
HO OHa "He uHTerpmupyemMasa’ (To ecTb, ee CAOXKHO
aHaAM3MPOBaTb aCUMMNTOTUYECKMW - XOTA 1 yaaeTcAa). B
CAEAYIOLLEeN FAaBe Mbl PaCCMOTPUM eLle OAHO CEMENCTBO
MapPKOBCKMX LLenen Ha 3aMOLLEeHMAX, AAA KOTOPbIX

MHTErpupyemMocTb "bonee ABHaA".
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